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Abstract
In this paper, we will go through the paper of Fomin, Gelfand and Postnikov 1997,
especially focusing on exhibiting the basic alegbraic properties of quantum Schubert
polynomials, mostly by working on pure algebraic computation of operators. Finally we
will show that these polynomials are the representatives for the quantum cohomology

ring using the orthogonal relation.

1 Introduction

Consider the flag manifold F/, of complete flags in the z—dimensional complex linear
space C”, it’s well-known that it’s cohomology ring has a presentation below, where 7, is

generated by the symmetric polynomials in variables x;, -, x, without constant term:

H'(Fl,,Z) = Z[xy,~,x,) /1, (1)

n n

Viewing this cohomology ring in another way, we shall decompose it into Schubert cells.
The corresponding cohomology classes ¢, to the even-dimensional cells, indexed by permu-
tations w € S, form a basis of H"(FL,, Z). We’ve shown that the coset representatives of 7,
under the isomorphism above are exactly the Schubert polynomials S,,.

The new questions arise when the quantumized version is taken into consideration. With
motivation from physics, we define the quantum cohomology ring QH"(F/,, Z) and it is in
fact canonically isomorphic to the tensor product H' (F1,, Z) ® Z[, -, ,_;] as an Abelian
group, where g, are formal variables. The additive structure of this ring is essentially the same

as the original cohomology ring, but the multiplicative nature will be quite different.



It is proved earlier that we have the following canonical ring isomorphism:

QH*(FZWZ) = Z[%"'a%-l] [x1>""xn]/IZ: (2)

where I? are generated by the quantum elementary polynomials, defined in section 2,
which specialize to the ordinary elementary symmetric polynomials when ¢, = 0. We shall
denote Z[gqy, > g,-11[%1, > %,] = Z[g][x] from now on. To understand the multiplicative
structure of the quantum cohomology ring, a way is to recover the similar works we’ve fin-
ished for the ordinary cohomology ring: to find the combinatorial representatives under the
isomorphism and do the jobs in some combinatorial model. In view of this, the key aim of
the paper, is to find the elements in Z[g][x]/ 17 that is the image of the Schubert classes in
QH"(F,,Z) under the isomorphism above.

In fact, since we’ve already know the isomorphism H*(F/,, Z) = Z[x;, -, x,] /I, tensor
this with Z[4] will ensure the existence of a Z[g]-linear map from Z[q, x]/I, to Z[g, ] /L.
So it is even possible to do the work completely out of the geometric setting. Actually, in the
final proof of the main theorem, we only used very little of the geometric property. To state
more explicitly how we can proceed in an algebraic or combinatorial manner, we are look-
ing for a Z[g]-linear map sending a certain basis of Z[g, x] /Z, to another basis of Z[g, x] /I
that realize the quantization process, and so will be called the quantization map. Then with
notations of standard elementary monomials to be introduced in section 2, we can state the

purely algebraic version of the theorem:

Theorem 1.1. The quantization map is the Z[g] -linear map Z[g, x] /I, — Z[q][x] /L] that

n

sends each coset € 1O the corresponding coset El»1 .

g, VA
We can also directly define the quantum Schubert polynomials directly, though to some
extentextrinsic, according to the result above, after knowing these standard elementary mono-

mials indeed form a basis.

Definition 1.1. For an ordinary Schubert polynomial S,, w € S, if we write it as a linear

combination: S, = > Ui i > then the correponding quantum Schubert polynomial

-y
ew dil"'l'n—lﬁ"'l“‘in—l '

Then we can rephrase the above version of the theorem to another one, still involving the

geometric object, which we will finally prove:
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Theorem 1.2. Then polynomial S, as defined above, is a coset representative of the image

of the corresponding Schubert class o, under the canonical isomorphism QH"(F/,,Z) =

Zlgy > gurllors = 3,114

The survey paper will be devoted to revisiting the proof of the main theorem above in the
original paper[1] and will not cover the further discussion on the Gromov-Witten invariants.
In most of the cases where I give a full proof instead of a sketch, I've tried to explain the
proofs in a more detailed way or present them in a more naturally logical order according to
my understanding. Most of the preliminaries and notations in this survey paper are covered
in class so will be omitted.

The outline of the survey paper goes as follows. In section 2, we shall define the standard
elementary monomials and their quantum analogue, and then show that they indeed form a
basis of the space Z[x] /I, and Z[g][x] / 17 sothat they can be used to define the quantization
map to obtain the quantum Schubert polynomials. Then in section 3, we will introduce the
family of commuting difference operators and we’ll see that the correspondence between
the quantum Schubert polynomials and the original ones could be algebraically carried out
explicitly via these operators and we’d give the quantum Monk’s rule, which is, in fact, just
equivalent to the property of such operators. Next we’ll list some of the necessary lemmas
and use them to prove the important orthogonality by direct calculation in section 4, though
will keep only the sketch of proofs for brevity. And we shall use the orthogonality to finally

prove the main theorem in section 5.

2 Standard Monomials and Quantumization

Definition 2.1 (Elementary Symmetric Polynomial). The 7’th elementary symmetric poly-

L1k B
nomialis ¢ = ¢,(x,,%,) =

1sn <-<r<k

And as always, e(/f =1land ef =0if7 > kori <.

Definition 2.2 (Standard Elementary Monomial). We will call a product of elementary

polynomials eli 61-22 eZ: =Gy (0 < 4, < k) astandard elementary polynomial. This is just
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equivalent to saying it is a product of elementary polynomials ef with upper indices pairwise

different (since 7, is allowed to be 0).

To prove that these standard elementary monomials indeed form a basis, it is necessary
to know how we could efficiently change (in fact, increase) the upper indices to make sure
that no repetition will occur in upper indices in the expansion of some polynomial. The

following key lemma tells us how to realize this straightening process.

Lemma 2.1. Forz, j, k£ = 1, we have the following relation:

k k _ k+l k k+1 ko ko k+1
g =¢ e+ Zel._l €al G (3)

121 121
Proposition 2.1 (Straightening). The standard elementary monomials form a linear basis

of the ring Z[x;, x,, -] of polynomial functions in infinitely many variables.

The proof of the lemma is based on the obvious recurrence formula

E_ k-1 k-1
G =6 +x6 . (4)

And we shall need another lemma that will also be frequently used in the computation later,
concerning about the action of the divided difference operator on the standar elementary

polynomials.

Lemma 2.2. Fork # /, @lef = 0. Moreover, when & # /, d; commutes with multiplication

by ¢f. When k = /,9,¢" = /7.

We shall omit the proof of the lemmas and the proposition here and do the similar work

in the analogous but slightly more complicated quantum case below.

Definition 2.3. The quantum elementary polynomial Ef is the coefficient of )’ in the poly-

nomial det(/ + AG,) where the matrix

v oq 0 0

-1 n g 0
G=[0 -1 x 0
0 0 0 X,



Notice that this is equivalent to saying that Ef is the sum of 7’th principal minors of the

matrix G,. And as always, Ef =0ifs>kori<0.

To repeat the works we’ve done before, let’s start from developing a similar recurrence
formula for the quantum elementary polynomials. This can be done by the principal minor
definition above if we classify the ’th principal minors in G, as those without x;, and those
containing %, then expanding the latter along the last column will give us the formula (It’s
also possible to form a combinatorial model to explain the formula as in the original paper,
which we’d omit here):

Ef = B BN+ g B (5)

Lemma2.3. Fork>;>0,k>720,

k -k k+1 ok k+1 ok k  k+1
EfEf =E{"Ef + > EU'EL - > Ef B
[>1 [>1
(6)
k-1 k k k-1
% Z B~ ELE
[>1
Proof. Lets first prove thatfork = j > 0,k 27 2 0,
k 1k k k k-1 -k k 1k k k k-1 -k
E; Ej:ll + LB+ q/eEi—llEj = EjEz'++11 + BB+ q/eEj—llEz' ~ (7)
In fact this is direct from the recurrence formula. We have
k k+1 k k k k—1
EF (B = Bn) =B (v + 453) "

(i -

ok & -1
i+1 z+1) =E; (xle+1Ez‘ + g b )
After subtracting the second equation from the first one, we would obtain the formula above.

Then rewrite the formula above we have

(B = EEN) B = (B~ E10) B - 9 (ESE) - B E)

= (Bf - B B + EVES

i — EMYEF 4+ (4 - terms)

j+1 G+

Then induction of the first term on 7 will prove the original formula. O

Lemma 2.2 has a more complicated form due to the asymmetric terms containing g;.

Lemma 2.4. Fork # [, ,EF isa polynomial with degree < 7—3. When £ # /, d, no longer di-
rectly commutes with multiplication by Ef, but differ from a polynomial remainder. When

k=1, ()kEf = ef__11+ a polynomial with degree < 7 — 3.



Proof. The first and the last assertement come directly from the observation that Ef has the
highest term ¢* and any other term whose coefficient contains ¢, has lower degree (as a poly-
nomial in x;). Then g, will do the same job on this highest term ¢ as the Lemma 2.2, while
when it will at least decrease the degree of the other terms by 1.

The second assertment follows from the Leibniz formula:

A(FEN) = Of) - Ef + (/)9 Ef %)
while we’ve discussed about the last term above. O

Theorem 2.1. The quantum standard elementary monomials form a linear basis in the ring

Z[q][xy, x5, -] of quantum polynomial functions in infinitely many variables.

Proof. The first part is to prove that the quantum standard elementary mononomials span
the whole space. Write x; = E{ - E{_l, then we can write an arbitrary polynomial as some
linear combination of the products of some El.k. Then we shall pick any of the monomials in
the combination to work the following process to make sure there is to repetition in the upper
indices.The process is done inductively on the degree of the polynomial and the repeated
indice £ (inversely). First, pick out the minimal repeated index k. Suppose the monomial
contains EfE]]? . We can just replace EfEf with the right-hand-side in the lemma above.

Then for the new terms without g, one of the upper indices increase to £ + 1 while the
other remains to be £. We can repeat this process if some of the obtained monomials still
have £ as a repeated index, until there is only one # in the upper indices of all the monomials
and the repeated indices will then strictly increase, > £+ 1, then we can just inductively carry
out this process to eliminate all the repeated indices.

On the other hand, consider the new terms obtained containing ¢, the upper indices
we’ve gotis k—1 and £, so we must be careful about that when carrying out the process again
for them, we might still have £ as a repeated indice after several steps. However, fortunately
this situation won’t last long, since every time we do the substitution as in Lemma 2.3, only
the remainder polynomial terms with g, get upper indices £— 1. Their degree (as polynomials
in x;), nevertheless, —2 every time we do the substitution. So after enough steps of substi-
tutions, the remainder term will eventually become 0 and we just return to the situation as

above. (Comparing with the Lemma 2.1 in the case of original standard elementary polyno-
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mials, the only difference is the remainder term, so the proof there is just the same with no
worry as in this paragraph.)

Then we shall prove that these quantum Schubert polynomials are linearly independent.
Suppose there exist a linear relation R with the minimal total degree. Suppose some El.k isa
term appearing in this relation with minimal upper index 4. Consider the action of 9. This
leads to degree strictly decreasing for those terms without any Ej/? by Lemma 2.4, and for
those with Ef, 9 (El/€ ) =0.f- Elk +(5./) - 0,(Ef, where f is a quantum standard elementary
polynomial with indices strictly bigger than £, hence 5,/ = . So by the degree discussion in
the Lemma 2.4 again we shall see that the action of d, will give us a such relation with smaller

total degree, a contradiction! Hence we have proved their linear independence. O

It’s direct by a dimensional counting argument to refine the proposition before into the

finite variable case that we originally concern about:

Proposition 2.2. The quantum standard elementary monomials E; _ aswellas the mono-

mials xf’ x:fl‘ with 0 < @, < 7 — k, form a Z[g]-linear basis of Z[g, x] /L.

Then we can define the quantum Schubert polynomial via the obvious correspondence

between the standard elementary basis and that after quantization:

Definition 2.4. For an ordinary Schubert polynomial S, w € S, if we write it as a linear

combination: S, = > Wi\ Ci, then the correponding quantum Schubert polynomial

GZ’ = Z ail“'l‘nflﬁ'lll"'infl (10)

Itis direct from this definition and the result in the ordinary case that the quantum Schu-
bert polynomials S, also form a basis of the quantum cohomology ring Z[g, x] / I . We shall

omit the concrete example for brevity.

3 Commuting Difference Operators

Before digging into the most important orthogonal relation of the quantum Schubert
polynomials, we will introduce a more practical viewpoint of the quantization map, using a

tool of a family of commuting difference operators. This tool will be needed later to work
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out the computations for the quantum Schubert polynomials. Itis also straightforward with
it to carry out the quantum Monk’s rule through our computation.

First let’s introduce some notations:

Definition 3.1. We shall use x;, in this chapter and later to both represent a polynomial and
the operator that acts by the multiplication of x;;
We shall denote Gij = 991 Gj-1- Note that 99k = i

We shall also denote

a(z’j) = az,.j = ‘)z")nl ()j—zaj—laj—z ai+lai' (11)

With these notations, let’s introduce the difference operators &, & = 1,2, -, n:

Definition 3.2.
X, = %, = Z GOty + Z GOy (12)

1<i<k k<js<n
More generally, for A, -, 1, € Z[4],

Zzw = Zlixi+ > Q=240 (13)

1<i<j<n
We will need the following lemmas telling us about the commutativity between the terms

in most general cases, of which we’d also omit the relatively easy proof, in which [, ] stands

for the commutator.

Lemma 3.1. We have the following formulas:
1. Fora < ¢, [0, %] = Ounlessa < b < c.
2. Fora < b, [0(,p), %, + %y + -+ 2,] = 0.
3.Fora<b,c<d, [9(at)> (ca) = O] unless b=cora=d.
4. Fora < b < ¢, [0, %] + [9(a)> )] = 0.

Then we could prove with the lemma the somehow striking fact that

Theorem 3.1. The operators X7, -, X, commute pairwise.

viii



Proof. Directly expand [Z,,,] and omit the 0 terms according to the properties 1 and 3 in

the lemma, we have

i<a i<a

2 g [t O] -
7>b

(X, %] = [’% - Z qz'ba(z'b)} + [Z qaja(aj)’xbl + Z Giv [()(m)’ %b)]
j=zb

) Gab [a(az') > ‘)(z'b)]

a<i<

~ b [xm a(a/;)] T 9w [a(ab)ﬂ xb] + 9w Z [%h)’xz']

a<i<b
= Gab [%b)’xa X et xb]

=0.
We eliminate most of the terms at the second equality, using the property 4. O

Knowing the commutativity, the polynomial in these operators will be well-defined: for
a polynomial " € Z[g, x], we write f(X) as the operator f(X;,-, ). A classical dimen-

sional induction argument will give the following lemma:

Lemma 3.2. For any polynomial f* € Z[g, x], there exists a unique F € Z[g, x] such that
f=F@)(1).

We shall denote the correspodence f +— F as ¢, the crucial thing is that ¢ is indeed the

correct map that sends the Schubert polynomials to their quantum version.

Theorem 3.2. Foranyw € S,,¢(3,) = &1, 1e,SL(X)(1) = S

w*

In fact, for any standard elementary polynomial, we have ;#(el»l___im) = Et'1~~im'

The theorem is the straightforward corollary of the following proposition:

Proposition 3.1. We have Ef (X)(g) = ef ¢ for any polynomial ¢ € Z[g, x] which is sym-

metric in the variables x;, -, 1,k < #,and when ¢ = 1,k = n.

Proof. We can prove the theorem directly by induction on k. Fork = O,Eg(f}[) (@=1g=g
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Then use the recurrence formula of the quantum Schubert polynomials, we have

EN)(9) = END) (@) + BET (D)(9) + 91 B (D) (9)
=7 () + Tl Q) + g€l e
= 6’;{6 - (@) + xk"z{e:llg = G101 %{e:llg + qk_leszzg

k1 k-1
=6 £T06.4

=g
0

Note that the operators Z; commute with the multiplication by the polynomials that are

symmetric in x;, -, x,,. This will lead to the following lemma.

Lemma 3.3. The map y is a bijection between 7, and I!. The space I, € Z[gq,x] is an

invariant subspace under the operators &3, -, Z,.

Remark 3.1. In fact, in light of the observation of the invariant subspace, we might view
X = ;flxly as the operator which transports the multiplication by «; in the space Z[g] [ x] / I
to the dequantized space Z[g][x] /Z,, so that we could perform &; on the latter to understand
the multiplication structure of the quantum cohomology ring.

It is proposition 3.1 that we really want the definition of the family of the commuting
difference operators to satisfy, so that we could use them, at least for those polynomials with
relatively good symmetry, to define the algebraic correpsondence of the quantization process.
The crucial step in the calculation above is to make sure &, (¢ ¢) —x,¢ ¢ = 4,10,/ ¢
to ensure the recurrence process will be fine. This can be viewed as, to some extent, the nat-
urality why we define such a family of operators. The mechanism is always to deal with the
g-remainders. As discussed above, the action of Z; essentially define the multiplication in
Z[4)[x]/L!. The following quantum Monk’s rule can be realized by this kind of thought,
where the actual difference occured just due to the g-remainders as in the commuting differ-

ence operators above.

Theorem 3.3 (Quantum Monk’s Rule). Forw € §,,1 < » < n, we have:
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where the first sum is over the transpositons z,, satisftying « < » < band [(wz,;) = [(w) - 1
while the second is over the transpositons z,; satisftying ¢ < » < d and [(wt,;) = [(w)—1(2.,).

More generally, for any f thatisa Z[g]-linear combination of x; : f = > 1,x,, we have:

FSL=> Q=S +> (=244, (15)

where the first sum is over the transpositons £, satisftying 2 < band /(wt,;,) = /(w) -1 while

the second is over the the transpositons z,; satisftying ¢ < d and /(wz,;) = [(w) — [(z,,).

Proof. From the remark above, the multiplication here can be considered as the action of
f(X) on S,,. Formally speaking, right action on both side of the formula above by ()(1)
will turn it into a equivalent form concerning only about S,

On the other hand, by the action rule of the divided difference operators, we have

F@O(G,) =f S+ > (A -2, (16)

where the sum is over the the transpositons ¢, satisftying ¢ < 4 and [(wt ;) = [(w) - I(z,;).
Expansion of the first term according to the ordinary Monk’s rule gives the equivalent form

in the discussion above. U

4 Orthogonality

In this section we shall sketch the proof of the orthogonal relation of the quantum Schu-
bert polynomials and omit many of the computational details. The key method is to more
carefully understand the action of the commuting difference operators & defined above on
more general polynomials.

For F € Z[g, x] /L], let {F)) denote the coeflicient of GZO in the expansion of  in the basis
of quantum Schubert polynomials. For our aim here, it’s helpful to see that equivalently, the

coeflicient {(F)) is the equal to the cosntant term of 6% (F(X)(1)).

Theorem 4.1. Foru,v,€ S,

1 ifo=wyn
(eiely = (17)

0 otherwise.
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To sketch the proof, let’s first notice that the only case to be proved that differs from the
ordinary case is when /(x) + /(v) > /(w,). Then expand the Schubert polynomials as linear

combinations of the quantum standard elementary monomials, we only need to prove that

. . . , n(n-1
(Ep B )= 00 Vi, oty ey > Uag) = 2222 ag)

Then use the equivalent definition of {, ) as above, we only need to show the constant

term of the following is 0:

OB (DE,, (D)D) =0, (B, (D)(e; ). (19)

Brutally expand £; ., () into the products of (¢ + £} (X) — ¢"), the only term with
mere el{z contributes 0 as in the ordinary case. While to deal with the other terms, we shall use

the following stronger lemma:

Lemma 4.1. Forany £ < zand any f,

D)

wy ez'rnz'kfl (

ENE) - )f =0

In fact, except for an technical lemma needed, the lemma in this flavor can be viewed
to be essentially asking about the general difference of the quantization map defined by the
commuting differece operators as in the section above, between £/ () and ¢". To describe
explicityly, given 1 < £ < n, we decompose & at the k’th position: & = I + T ; with

Ty=x= D 4+ 2 a0
1<j<l I<j<k

L= a0
J>k

(20)

Then we have the following proposition which is essential to the proof of the lemma above:
Proposition 4.1. For any polynomial /" € Z[g, x],
EN%) = ¢ f.
In particular, if g, = 0, EF (%) coincides with the multiplication of ¢f.

The details of the proofs of the lemmas and propositions will be omitted.
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S Proof of the Main Theorem

We’ll finally prove the theorem in this section. Without knowing the details of the geo-
metric cohomology ring, we shall denote the elements in Z[g, x] / I that represent the Schu-
bert classes by @, and list some of their properties as lemmas below without proof (while the
first three of them is relatively clear by definition), which will be the fundation of the follow-
ing proof. In the original paper, the authors also asked about the questions whether these
properties can be taken as the axiom that characterize the quantum Schubert polynomials,

but this won’t be covered in this survey paper.

Lemma 5.1 (Homogeneity). If we let deg(x;) = 1, deg(qj) = 2, then every @, is homoge-

neous of degree /(w).
Lemma 5.2 (Classical Limit). Specializing ¢, = ¢, = -~ = ¢,_; = 0, wehave 0, = ©,.

Lemma 5.3 (Nonnegativity of Structure Constants). The multiplication structure con-

stants of the ring Z[g, x] / 17 with respect to the basis @, belongs to Z,[g].

The next lemma is first proved by Ciocan-Fontaine in [2], which is an analogue of the
ordinary case that states the ordinary Schubert polynomial of a cycle is the elementary sym-
metric polynomial, which can be seen directly from the pipe dreams, but in fact we will only
use some weaker corollary of this lemma. Before that, let’s introduce the notation of the
semiring (i.e., it’s closed under multiplication and addition) QH;O, to be the set of all linear

combinations of Q,, with coeffiecients in Z,[4].

Lemma 5.4. Foracyclew = 5,_,,; 3, € S,, the polynomial Q,, is E¥, the quantum elemen-

tary polynomial. In particular, every Ef € QH;O.
Then we are ready to prove the main theorem.

Proof. In light of the lemma 5.1, if we try to expand S? with respect to the basis Q,,, the
only non-zero coefficients are contributed by those @, with /(#) < /(v). This is seen by
comparing of degree using lemma 5.1. More explicitly, the coefficient of O, with /(%) < I(v)
must be a polynomial in ¢, with positive degree, so when specializing g; to 0, the only non-
zero coefliecient is that of Q,,. Then using lemma 5.2 we shall see it is just 1. So the task is

just to show the terms involving @, with /(x) < /(v) actually do not exist.
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From proposition 2.2 and the following conclusion that quantum Schubert polynomials
form a basis of Z[g, x / , in conjuction with a comparison of degree again, we will see that
the Schubert polynomials S,,, with /(w) = /, are related to the standard elementary mono-
mials ¢; ¢, with/; + - +/,_; = /, by a nondegenerate linear transformation. This also
means that every &, should be in the expansion of some ¢; --¢;, . Then being a product

1 n—1
of the elementary symmetric polynomials, which themselves are Schubert polynomials of
cycles, the standard elementary monomials are also linear combination of Schubert polyno-
mials with non-negative coeflicient. Then together with the observation before, we actually
have the coefficients «,, below are positive:
Z 61'1 ein—l = Z a”’@“" (21)
i+t =1 Hw)=l
Quantumize this equation, using the property in lemma 5.4, we will see that
! e QH" (22)
aw w Q >0°
)=t
Moreover, together with the discussion above in the first paragraph, >, ()=t %w S is just

the sum of Zl ()= ,,0,, and the linear combination of some @, with /(%) < l(v), soin fact,

we have

2, (31 -0,) € QHL,. (23)

)=l

Then we are almost there, since in view of the inner product according to the orthogo-
nality, we only need to prove that ((o%y@ » = 0for /(v) < l(w) = [. Expanding @w » again
into the standard elementary monomials in the same degree, we only need to prove that given
Ei . ;. with f; + < + ,_; > l(w,) — [, we have ((Ejl__‘];H Q,) = 0. Then just take the inner
product below, which by definition € Z[g] since EJ1 jin € Z,[q] as well:

(B <[(2)_ 2,(& = ). (24)

Using the orthogonality that ((Ej . GIY =0, we shall directly see that

1" n-1

= > @ {E, Q) € Zylql. (25)

)=t
But since we’ve already seen that the coeflicients «,, are strictly positive, and it’s all the
same to see that <<E11 o 0,0 € Z,,[g] as well, hence the only possiblity is that all of them

equal to 0. This finishes the proof. O
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