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0 Introduction

The main task here is to introduce the special Kihler structure on the moduli space 4. The
discussion will be mainly separated into two parts: the first being some explicit calculation
in our case of Calabi-Yau 3-folds while the second being some discussion about general
(projective) special Kahler condition.

Before we introduce the definition of special Kihler geometry, I would discuss about
some notational issues first since I would follow the paper [S] of Strominger for the explicit
calculation in the case of Calabi-Yau 3-fold. However there are some difference between
his general setting and the setting in our paper.

In a word, what Strominger considers in his paper is a moduli space J# of complex
structures over a given Calabi-Yau manifold with of Hodge bundle # whose fibers #, are
H*(Y,,C),x € M where Y, is the Calabi-Yau 3-fold corresponding to the point x € /L.
While in our paper we can consider more concretely as J being a kind of global toric
variety and Y being a family of hypersurfaces.

We also consider a (3,0)-form Q.. = R, (w,) where R, is the residue map that allows us
to transmit from a form (2, on Y to a form w, on the ambient toric variety which is easier
to calculate. Correspondingly, Strominger uses such a “global” form, i.e., a section of the
bundle %, 2 which he simply takes to be the form on J locally given by (2,.

Over the moduli /, this is only well-defined up to projective transformations which are

not constant on A : 2 £>: ¢ 0. We shall explain that speaking rigourously, picking (2



gives a section of a bundle # ® L instead of a section of # itself, where L is an appropriate
line bundle.

Recall the Weil-Petersson metric defined by g7 = 9,0, where & (x, x) = —log(Q2,, Qo).
Note that the Kihler potential & is not defined globally but only locally, and further, over
adjacent patches U}, U, suppose £2 — ¥ 0, then the Kihler potential & transforms
as K, = Ky — o1 — E Thus there exists a real line bundle R such that the transition
function of a section s of R between two adjacent patches s;, 5, is given by 5; = ¢t )52.
We shall show that this line bundle can be globally decomposed as L™ & 271 for certain L.

This essentially relies on a result of Tian (see Theorem 2. in [T], p.641) that the Kahler
form associated to this mettic w = —g gijrdzi Ad# s integral, i.e., represents a class in
H* (M, Z). Hence there exists a holomorphic hermitian line bundle (L, b) with hermitian
metric b = ¢”. (This is a result combining Lefschetz Theorem on (1,1)-classes and a
proposition constructing suitable hermitian metric on the desired line bunddle. Readers
may refer to [GH] p.163, p.148, respectively.) In fact, Tian proved that this line bundle is
exactly the tautological line bundle of the projective space P(H> (Y, C)), as defined in our
paper till the ending of section (2-1) and denoted by & there.

Now by the tautological construction of this line bundle Z, it is essentially determined
by its transition functions on the section (2, namely, 2 .0 on the intersection of

1 1 . .
pateches Uy, Uy. Now we can directly check that R = L'®L  via calculation on transition

functions. This is simply because
—log(ef_(),ejﬁ) = —log%—f—j“.

Recall last time we have constructed a “cotrected” covatiant detivative D; = 9, + K;
(0,0.0)
(2.0)

acting on 2, whete K, = d,# = — , to ensure that it is compatible with the Hodge
decomposition rather than merely the filtration. In fact since d; may only mix a (3,0)-form
with a (2,1)-form, we can calculate this “correction” term K; reversely by the orthogonal
relations between forms that are not of conjugate type. Thus we get a set of basis D,(2 of
H>'(Y,,C). We shall denote this set of basis by G, = D,(2, partially following the notation
in [S]. From the discussion above we see that G, is really a section of the bundle T* @ #' ® L,

where T™ is the holomotphic cotangent bundle.

We shall first prove an identity that the inner product of G;, G; gives minus the Kéhler
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metric on 7' ® L', which is the first line in section (2-5) in our paper [Hol.

Prop 0.1. (G,G)) = —¢7g,

Proof.

(2,0:0)
T g (e Y (g (T

L 12.02)(0,2,0,0) - (0,2,0)(2,0;0)

(.07

{2,0)00,0,0;0) - (0,2, 2)(2,0;0)

) (2,2)

=(0,02,0,0) - w

(Q,0)
(G,G) =02+ K,-02,0,0+K;-0)
=(0,02,0:0) — 0,0, 0) (2,0:0) - 2,92) af_ﬂ i (0.02,0) + (%2, 2)02,5;0) (f’ i
/ (Q,0) / (Q,0) (Q2,0)
=(0,02, ajﬁ) - W
(0,0)

Recall and summarize what we have till now. The inner product of the 3-forms (2, G, G, 2)
with the symplectic basis «;, [@J defines the period matrix, hence defining 27 + 2 elements
forming a basis of the bundle £ = L@ (7" ® L) ® (T* ® L) ® L , where T" is the cotangent
bundle of # while L is a holomorphic hermitian line bundle over A with curvature —27iw,
namely, whose Chern class is exactly [@]. A Kahler manifold equipped with such a line
bundle will be called a Hodge manifold in later sections. To avoid confusion with our chosen

(3,0)-form £, we denote the (27 + 2) x (27 + 2) petiod matrix as

)

px! ppl )
DX DB
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1 Covariant Derivatives and Related Calculations

In this section we will discuss about The covariant derivatives appeared in our paper [Ho].
Readers may find that there are differently defined covariant derivatives all denoted by D;
in this paper. I shall clarify this and carry out the calculation of some basic properties of
them, to be prepared for the proof (which is essentially calculation again) for the main

theorems.

Def 1.1. We define Dt.(k’l) to be the covariant derivative in the holomorphic direction d;

. . . . —.!
associated to the metric connection acting on the bundle T"eI®*QL .

In the terminology of our paper [Ho], this means that Dl,(k’l) is the metric-compatible
covatiant detivative for a section of wieght (k,/). 'This could be similarly extended to
bundles such as Sym*7" ® L% ® Z®l for later use. However, these upper indices (k, /) are
not explicit displayed in the text of our paper. For example, in section (3-1), when acting
on the prepotential F(X), which is a section of Sym3T* ® L®?, the formula is shown as in
formula (3.4), while in the case before, for £2 which is a section of L = SymOT* ® L, the
formula is DZ,(I’O) = 0, + K,. So to clarify this, we shall first do the following calculation.
Similar calculation could also be done for general Sym“T” ® % ® Z®l. For a discussion

in the physical setting, the reader may refer to the paper [B], p.34 (in arXiV version).

Prop 1.1.
D" = 9, + mK; — I,

More explicidy, DVV* = 37, + mK, -V - I17;.

Proof. The Kihler metric over 7' ® Ltis given by bz'j = (G, G]) = &;j» and similarly

mK

over T ® L™ is given by —¢~ &;j- Hence the corresponding Kihler metric connection

is given by

(em%gki)a

7

(7 g) = (T T+ o)
ki / e
= mbl.%g gﬂ- +1:2 = _sz‘;j + 1;2

Taking the induced connection on the dual bundle of 7' ® L_l, ie,T" ® L, implies the
result. U

iv



We can well do similar calculations to prove the correct covariant derivatives D; acting
onT* ® Lis d;, which means the expression of D, before Theorem 2.1 in our paper [Ho]
is reasonable, as well as ZTZ

Next let’s deduce some basic commutativity properties of these covariant derivatives,

to be used in calculations later.
Prop 1.2.

[D;, D;] =0;
(D, D12 = - g,
(D, D13 =¢,0.
Proof. First as a remark, the first property actually holds for any metric connections D,
defined as above, such as those acting on SymST* ® L®? and this will be of basic use in
later sections, but we shall only calculate the case when they act on sections of weight
(1, 0) here, since the calculation in the general case is analogous. Also we will not exhibit
the calculation of the third formula, being the same as that of the second one.

Then by definition, D,G, = 9,G, + ;% - G, - I;G,, hence

DiD,G, =0(8,Gy) + 4 - 9,G, — 1}0,G;
+0;(0,% - G) + QK - 4K - G, = 4K - I};G,
~L5j0G; = 4% LGy + LG,
Similarly one obtain a formula for D,;D,G, and one may notice that all the terms in-
volving I}, ate symmetric in 7 and /, while the sum of the other four terms in D,D,G, and

D,D,G, are also the same, both being equal to
a/al-G/e + 517{ * ﬁl% * G/e + alﬁl-.% * Gk + 517{ * ﬁl-Gk + &le% N 31Gk,

finishing the proof of the first property.

Next consider [D;, D;]€2. First notice that 2 is holomorphic, hence 02 = 0 and thus
D_j() = 0. Also 9;0,02 = 9;0;02 = 0. Hence

1D, D102 = ~(0,0,2 + 0K, - Q) = ~0:(0,%) - Q2 = ~g,:2.



Rmk 1.1. You can ignore the boring calculation above as soon as we have proposition 1.1.

and you realize that the curvature matrix of the metric connection on a hermitian bundle is

an hermitian matrix of (1,1)-forms, which is a general result in complex geometry that you

can refer to in [GH] p.75. This means that if we separate the curvature 2—form into three
i . - 020 (L.1) (0,2) i

parts according to type: 2 = 2% + 027 + Q7 then only the mixed type curvature

does not vanish, which is given by the commutator of mixed covatiant detivatives [D;, D j],

while two holomorphic or two anti-holomorphic covariant derivatives always commute.

One may naturally ask that how these D,’s act on this bundle, such as on the basis
elements in & and & especially. By the orthogonal conditions and the two calculational
propositions 0.1 and 1.2, one can deduce this easily. In fact one can compute the connec-
tion mattix A, that makes D; = D, + 4, acting covariantly on this set of basis, and since
the transition function of the bundle is a constant matrix in Sp,, > We know that we get a
flat connection D on the bundle £ (which acts as D; on the basis element G;).

Recall the Yukawa coupling C; = V-1(Q, 9,0,0,2). Denote €. = J-1¢"C,,¢"
and %lnm = —-1¢"C;5 g”ﬁ. Then we have the following:

Thm 1.1. The period matrix satisfies:

& 0 —
(Dz'+Ai) _ | = 5 (D-

& 0 & 0
where
(A)on == ()i = %an, (Ao = ~Lin
5o == 3 A = Bi (A7)0 = ~Gin
and the other terms vanish.

Proof. We shall only calculate (4;),, ; since the other calculations are similar, using the other
properties obtained in the proposition above. Then suppose (remembering G; := D, is

our notation)

D,(D;Q) = 0 +¢,D, 2 +d,D,Q +dyQ.

Then since the only non-vanishing inner productis (D,0, D, Q) = —¢ "¢, . as proven

in proposition 0.1. We find that ¢, = d, = ¢,, = 0 and

_dme_%g/erh = (D/eQ’ DZDJ‘(‘))
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Considering the type of the forms we may see that

f 0209,0,2=0.
A
Differentiating this equation by d,, we immediately find that
f/ﬂ 22000,0 = - f//) V00,02 = .
The similar result holds for the covariant derivatives D;, D;, D;. Hence
-
~d,¢™” g = —(Q, D D;D,2).

However, again by arguing with the type of the forms, we can see that the extra terms
K, + I" make to contribution to the inner product, since one derivative of a (3,0)-form
at most increase the antiholomorphic rank by one and hence the only nonvanishing term
in the inner product is contributed by (£2,0,0,0,(2) and thus with the commutativity of

Dy, Dy, Dy, we get N \/—_lcljk, namely,
(Ai)m,iz = %z;:n = J__lg%angn;l'
O

The connection D = D +.4 obtained as above is flat by the discussion ahead of the cal-
culation. As a corollary, the curvature tensors vanish. This gives us nontrivial implications

about the original covariant derivative D;.

Thm 1.2. The vanishing of [D;, ]Dj] is equivalent to the existence of a (not necessarily
holomorphic) prepotential; while the vanishing of the mixed type [D, E] is equivalent to

the curvature condition that
ko ok sk 2K T mm_kk
‘R,ﬂ —gzj‘;z g jlé\z' 4 Cz’lmcj/erhg g -

Proof. 1 shall only give a sketch of this proof, omitting the detail of the calculations.
For the first statement, consider the inner product
(G [D,, D1G) =(De2, D,D,D,2) ~ (D2, DD, D)
=(D,02, D,D;D,2) - (D2, D,D;D;2) = D,Cyy = D,Cy.

J
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Hence if this formula is equal to 0, we can use the Poincaré lemma iteratively to find
that locally G, = D,D; D% (but this .% is not necessarily holomorphic indeed).

For the second statement, expand the following equation properly:

0 = (G, [D, D;1Gy).
O

We shall end this section of computations by introducing the notations in section (2-6)
in our paper [Ho|. First denote & = (0,7) and z = (0,7),7 = 0,-, for the indices of
the basis of & and their conjugates. Recall that we can normalize the period matrix, i.e.,
& = (D,X' D,P) = (D, X')(L,, 7)), where I, is the (» + 1) x (» + 1) identity matrix
and 7, = %?F Also denote £ := D, X" and similarly for £7, ;_é, g (You may check
[Ho] for the concrete definition if confused.)

Then one may naturally how the computational results proven above change as the

base change. First, notice the result in proposition 0.1 can be summarized as following

1
(where Q = "1 as in the Riemann bilinear relation):
-7 0

r+1

- 0 .
£00 = -"-18Q'w (205 = -1).
0 &ij

Then
Y _‘/__lf%fo{(]rﬂ TI])Qt(IrH TI])ZJ{E

and notice that

[r+l

Ly 7))Q Loy 7)) = (=73 L,y) =(7-7),.

‘o
Hence we get that
&g = ‘/__15‘%5';[ (- ?)U?ﬁ
Therefore it might be natural to introduce a metric by G, = V=1%(z - 7) 7 and
similarly its inverse €7 so that we have &5 = £ f@]j%. For the results in theorem 2.1
reformulated in the notations £, readers may refer to (2.13) in our paper [Ho] directly

since I do not want to copy here.
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2 (Projective) Special Kihler Manifold

First let us recall our bundle £ = L® (T ® L) ® (T* ® L) ® L and its basic properties
mentioned in the intro section. This will firstly lead to the following definition. (The
definitions and results in this section are all from Freed’s paper [F] and readers may find

many details therein.)

Def 2.1. A Hodge manifold is a triple (M, L, w) where M is a Kahler Manifold and L — M
is a holomorphic hermitian line bundle over # with curvature —277w, namely, whose

Chern class is exactly [w].

Moreovert, as in our case, we shall directly give the definition of projective special Kéhler

manifold.

Def 2.2. A projective special Kihler structure on an n—dim Hodge manifold (M, L, w) is a triple
V,V, Q) whete

@) V' — M is a holomorphic vector bundle of rank 7 + 1 with a given holomorphic
inclusion L < V;

(ii) V is a flat connection on the undetlying real bundle V4 such that V(L) € 7 and the
section m +— L, which is a map from M to P((V)¢) is an immersion with respect to V;

(il) Q is a nondegenerate skew form on I which has type (1,1) with respect to the
complex structure and satisfies VQ = 0. Furthermore, we assume that Q| 7 is ﬁ times

the Hermitian metric on L.

In our case, V is just L@ (7™ ® L) as described in section 0, and the flat connection D
satisfying a certain Griffiths’ transversality is also shown to exist in section 1. As for the
nondegenerate skew form Q, it is just the natural pairing (, ).

Hence we can easily find that this definition is well-suited for our case. However, we
shall introduce another seemingly shorter definition of the special Kéhler manifold in non-

projective case and prove that there is certain correspondence between these two cases.

Def 2.3. A special (pseudo-)Kibler manifold is a complex manifold (M, J) where [ is a certain

complex structure with
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(i) a (pseudo-)Kihler metric g with (pseudo-)Kihler form w, where pseudo means the
metric may not be positive definite;
(ii) a flat symplectic torsion-free connection V which is “compatible” with the complex

structure /, that is to say (which we shall explain later),
V2 =0, Vw =0, dy(id) = 0, dy/ = 0.

Rmk 2.1. Let me clarify the conditions in this definition. (If you are not familiar with these
things as me, you may find further reference in [Hu], section 4.2, and definitions in papers
[A], [Bi], [H], besides Freed’s paper [I] iteself. In fact, this remark is just an integration of
these materials.)

Before we begin, first note that in general for a vector bundle £ over a real manifold,
the connection V gives a natural extension of the de Rham complex:

dy:=V d
—_—

0 — d°(E) AN E) =5 A*(E) — -

Here 9* (E) denotes the sheaf of E-valued k—forms. And an extension V : o*(E) —
A*Y(E) is defined as follows: for a local k—form « and a local section of E, we define
V(2®s)=da®s+ (-1)fa A V(s).

In our case we simply take the vector bundle £ to be the tangent bundle 7A4. Besides,
we view id and the complex structure /, being an endomorphism of the tangent bundle, as
1-forms with values in 7. So when we write dy,/, dy (id), they genuinely live in f*(T'M),
while Vw € o> (T'M).

(i) After this discussion, we can write out these conditions in a more explicit way via
“covariant detivatives”. For example, dyJ as a 2-form, when acting on two tangent vectors
X,Y, we have

dy](X,Y) = (W)Y = (WJ)X.

Hence we see that dy/ = 0 is not really saying Vy,/ = 0 as 1-form and is certainly
weaker than this, rather, it feels like certain symmetry. In fact, since the Kahler form o and
the complex structure / determines the Kahler metric g, one can see if we require Vy = 0
in a strong sense, we can only get the Levi-Cevita connection, which is too restrictive.

Similarly, the torsion-free condition reads

dy(id)(X,Y) = V.Y - VX - [X,Y] = 0.



(ii) If one denotes 7% € of**(T.M) to be the projection onto the (1,0) part of the

(1,0) _ id=if
-2

complexified tangent bundle, i.e., 7 , then the condition dy/ = 0 is equivalent

(1,0)

to dy7 = 0 on the complexified tangent bundle. One may see from this description

that the condition of compatiblity with the complex structure implies the condition of
torsion-freeness, inasmuch as id is twice the real part of 70,
(i) Finally let’s discuss about the symplectic condition. In fact, for any symplectic man-

ifold, we can require a connection to be torsion-free and compatible with the symplectic

structure w. Similar to the discussion before, the latter means that
(o) (Y, 2) = X(o(Y,2)) - (WY, Z) — (Y, Vg Z) = 0.

One may wonder about the existence and uniqueness of such a symplectic connection,
and how it would add stronger constraint by requiring compatibility with an extra complex
structure and flatness. We would summarize the existence results of symplectic connec-
tions in the proposition below, stating there exists non-unique symplectic connections,
parametrized by certain symmetric 3-tensor, while on the other hand, flatness is a much
stronger requirement such that one can determine the whole geometry of the manifold un-

der this special Kdhler assumption via a single holomorphic function called prepotential.

Prop 2.1. There always exist symplectic connections on a symplectic manifold (M, »).
The set of symplectic connections is an affine space modelled on the space of contravariant

symmetric 3-tensor fields I'™(Sym’T M) on M.

Proof. To prove the existence, we first take any torsion-free connection V° such as the Levi-

Civita connection. Consider a tensot N on M defined by V)?a)(Y, Z) = w(N(X,Y),2),

being well-defined by the nondegeneracy of w. And since w is skew symmetric we have
w(N(X,Y),Z) = —w(N(X, Z),Y) and since w is closed, we know the cyclic sum Z o(N(X,Y),Z) =
0. (This is from the identity that can be checked directly with the definition of dC;)C and the
torsion-free condition for Vy that dw(X, Y, Z) = (Vw) (Y, Z)+(Vew)(Z, X)+(Vow)(X,Y).)

Thus we define

VY = VY + %N(X,Y) + %N(Y,X)-
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We can directly observe that this is torsion-free and

Vew(Y,2) = X(w(Y,2) - o(VWY,2) - oY, V2)

X,Y),2) - %a)(N(Y, X),2)

—

=VYw(Y,Z2) - %M(N

_ %w(y,N(X,Z)) - z0(Y,N(Z, X))

X,Y),Z2) - %w(N(Y,X),Z)

W =

1
Vew(Y,Z) - 30N

—

%a)(N(X, Y),Z) -

[SST=

o(N(Z,Y),X)

%(a)(N(X, Y),Z) + o(N(X,2),Y)) = 0,

whete the third equation comes from w (Y, N(X, Z)) = —o(N(X, Z),Y) = w(N(X,Y), Z)
and the last one comes from the cyclic sum relation we deduced above.

Thus we see this Vi is symplectic. And suppose Vy is also symplectic with VY =
VoY + S(X,Y). Then the torsion-free condition is equivalent to that S(X,Y) = S(Y, X)
and by

Vew(Y,2Z) = Yy (Y, 2)-w(S(X,Y), 2)-o(Y,S(X, 2)) = (S(X,2),Y)-0(S(X,Y), 2),
we find that Vg = 0 if and only if w(S(X,Y), Z) is totally symmetric. O

After these clarifications, we shall come to the main result in this section, namely the
“correspondence” between the projective and non-projective cases. For this, we consider
aprincipal C* : M — Mona Hodge manifold M obtained by deleting the zero section of
L — M. Then the Hermitian connection on L is also a connection on p : M — M, ie.,
a C*—invariant distribution of hotizontal subspaces kerdp. Also, we have a tautological
nonzero holomorphic section 5 of p*L — M by setting s(x) = x which is a section of the

fiber L,,). Then we need first know how to lift the Kahler metric.

Lem 2.1. Let & € QY (M) satisfy that 5(Y,, Z,) = |s,|*p"w(¥,, Z,) for two horizontal
vectors Y, Z, € kerdp , vanishes when pairing a hotizontal vector with a vertical one,

l

and is =

times the canonical Kéhler form on pairs of vertical vectors. Then we have
o= ga@mz and thus & is closed in particular. Hence we get a pseudo-Kihler metric on

M. Finally, p*w = gﬁglog |s]%.
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In particular we see from this construction that the metric @ is negative on fibers and
positive on horizontal subspaces, hence has signature (7, 1) where #» = dim . We shall

omit the proof and readers may refer to [IF], Lemma 4.1 directly.

Thm 2.1. Let (M, L, w) be 2 Hodge manifold with associated pseudo-Kihler manifold
(M, &) and the tautological section s.

(i) A projective special Kihler structure on M induces a C*—invariant special pseudo-
Kihler structure V on (M, &) with Vs = 759 is the projection onto the (1, 0)—patt of
the complexified tangent bundle.

(ii) Conversely, a C*~invariant special pseudo-Kihler structure V on (M, &) satisfying

Vs = 7% induces a projective special special pseudo-Kihler structure on (M, L, ).

Proof. (i) Let V = p*V. Using the inclusion L <> ¥ we may view s as a section of p*V. The
Griffiths’ tranversality condition for the projective special Kihler condition implies that
V ¢ p"V and the immersion condition implies that V : TM — p*V is an isomorphism.
Considering the undetlying real structure under this isomorphism, we get a real flat
connection on M denoted also by V. Also, under Vs, pQ = Q pulls back to —& since if

we diffentiate the third condition of projective special Kihler structure that
—IsP = 0649
551817 = Q(s,9),

we may obtain that

5= ;—Wéamz - -0V, V).

Further we see V& = 0 from this. And under Vs, s corresponds to a holomorphic
vector field ¢ such that V¢ = 7% hence dﬁﬂ(l’o) = 0, which is equivalent to the special
Kihler condition as pointed out in remark 2.1.(ii).

(i) The construction is just a reverse process of that above. Let now V' be the quotient
of TM by the C*~action. Then it is a holomorphic bundle over A and the vertical vectors
inTM gives a line bundle L which includes into /. The connection Von (TM )x induces
a connection V on Vg under the quotient of the C*—action while the immetsion condition

(1,0)

comes from the hypothesis Vs = 7"%. The form —& on M induces a skew form Q on

V. O
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As soon as we find such a correspondence, one may expect that the cumbersome calcu-
lation in the section 1 can be simplified by calculating formally under the (non-projective)
special Kahler condition, at least the symbols will be simpler, modulo some extra terms
from non-projectivity. This is indeed the case, as is shown in Freed’s paper [F].

We shall not repeat the calculation again in this notes, rather we would only briefly see
the result and readers may refer to the calculation in [F]. It roughly states that there exists
a correspondence between a cubic form = € H(M, SymST*M ), which is the Yukawa
coupling in our case (non-projectively), and the connection matrix 4 that gives the special
Kihler connection V via V = d + A, where d is the Levi-Cevita connection.

In local cootdinates, if we write w = \/—_lloz»jdzi Ndd; E = El»j/edzi ® d7/ ® dz*, then
(Al»)f =J-15 ﬂblk while all other terms are 0, and the curvature tensor is given by

Rij/e/' = ‘b“ﬂEZ'/mEjzﬁ-

One may find that the differences between the matrix here and that in our projective
case only occur at indices 0 and 0, while in the curvature formula only the corresponding
terms contribute difference.For instance, e disappears here. These certainly looks neater

than our original formulas. For actual coordinate-free calculations and statements of the

correspondence, see [F].

3 Viewpoint of Bilagrangian

The rest of the survey will be devoted to an important feature of special Kéhler manifolds
that have been mentioned in previous parts. Namely, the special Kéhler metric is totally
determined by a single holomorphic function & in # variables. If we follow the calculation
by local coordinates in section 1 of Freed’s paper [F], we can obtain this result shortly.
However, I choose to detour a little here to proceed as in Hitchin’s paper [H] because 1
think essentially the calculations are analogue but we can see a little more structure via this
method with better symmetry perceived.

We shall first recall the definition of a Lagrangian submanifold.

Def 3.1. A submanifold L of a symplectic manifold (M, w) is said to be Lagrangian if for

every point P € L and tangent vectors X, Y € TpL, we have w|p(X,Y) = 0.
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The idea of Hitchin is to focus more on the symplectic structure rather than the holo-

morphic structure, or to say, the complex structure. His main observation is the following:

Prop 3.1. A real 2z—dimensional submanifold ¥ ¢ X is complex Lagrangian if and only
if o° = 0, where (X, &) is a complex symplectic manifold of complex dimension 27 with

the complex symplectic 2—form &*.

For the simple but ingenious proof, the reader may refer to the paper [H]. However,
the point is that if we separate the 2-form @° = w; + V=1, where )}, w, are both real
symplectic forms, the vanishing of & is simply determined by simultaneous vanishing of
w;, w,. We can give an argument that is similar to the proposition above in spirit, also to be
used in further proofs, stating how these two real symplectic forms determine the structure
of a complex manifold of X.

For this, consider the distribution £ € T7X ® C, where TX is the tangent bundle of
X, which is defined by the complex vector fields U such that (U)o = 0, where ¢ is the
contraction. So this is just requiting & (U,Y) = 0 for any complex vector field ¥, i.e.,
w,(U,Y) =0, i = 1,2. If the algebraic condition £ & E = TX ® C holds, then we can
define an almost complex structure on X by requiring 7% X = E (since & is a (2,0)-form,
this is well-defined).

To show that this is indeed a complex structure, we only need to check integrability.

By Cartan’s magic formula, if ()" = 0, since »° is closed by definition, we have
Zyo' =dW(U)o) +1(U)de = 0.
Hence if U,V € I'(E), we have &, = 0 and «(V)o’ = 0, and thus
([U, V] = Zy(e(V)e) = 1(V)(Zye) = 0,

showing that [U, V] € I'(E) and thus implies the integrability.

With these preparations, next we shall show that to require a special Kihler structure is
to some extent the same as to require a certain “bilagrangian” condition. We would see how
the Kihler potential and the prepotential appear during the proof. The key observation is

the following lemma.
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Lem 3.1. Suppose we have a manifold M embedded in the space 7"V where V' is a real
symplectic vector space, and M is Lagrangian with respect to the canonical symplectic form
won T"V and transversal to the projection of 7"V = V' x V™ to V. Then the embedding is
defined by the graph of the derivative of a function ¢ on V', namely, in coordinates we have

Y= ;—jj_, and moreover, if M is complex manifold, ¢ can be chosen to be holomorphic.

Progf. Reformulating the transversal condition, this is just saying that 7|, :— V is a local
homeomotphism, where 7 is the canonical projection from 7V to V. Moteover since M
is embedded in 7"V and the latter is simply connected, this extends to a global homeomort-
phism. Hence M is globally parametrized by V, i.e., it is a graph for a section & : V' — V™
which is the same as an 1-form on V. Hence if we wtite & = 2,(x)dx; in coordinates of V'
with x = (%1, -, x,), then M = {(x, -, x,, 2, (%), , 2, (x))|x € V}.

Next consider the Lagrangian condition. The canonical form w on 77V is d1 where
A =73 y;dx; where y; is a dual basis on ", Consider the parametrizing map f: V' — M
defined as above by x + (x, #(x)). Then the Lagrangian condition w|,, pulls back via f
to be ffw = fdl = df*2 = 0. But f*dA = ;(f*yj)f*dxj = a;(x)dx; = da. So the
Lagrangian condition just says that da = 0 on V. Hence by Poincaré Lemma (where we
can use it globally since V" is just a vector space), we get & = d¢ for certain ¢ and hence

o L. .

;= a—f_, which is what we desired. O
7

For a real vector symplectic vector space V' with a skew form (, ), we can define two

forms 2;, (2, and an indefinite metric g on V" x V" by

02,((ay, a5), (b1, ,)) = (ay, b)) + (a5, by)
0,((ay,a5), (b1, 6,)) = (ay, b)) + (a5, by)
¢l@d) @) = 3ab)
Thm 3.1. Let M < V'xV be a submanifold which is Lagrangian for (2,, (2, and transversal
to the two projections onto V. Then g|;, is a special pseudo-Kihler metric. Conversely,

any special pseudo-Kihler metric on a manifold A is locally induced from an embedding

in V' x V for certain V.

Proof. We can use the nondegenerate skew form (, ) to identify 7 and /™. Then by setting

df; = 3 w;;dy;, 02 becomes the canonical symplectic form on 7"V = V' x V™ (up to a
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scalar):

Q =2 dx; AdE;
0, = 2 w;dx; Adx; + 2 W dE A dé;.

We can use the projection onto the first factor V' to locally identify M with a flat
symplectic space. In local coordinates xy, -, %,,, the ordinary derivative gives us our flat
symplectic connection V. Now consider M being a submanifold of 7"V = V'xV/, by lemma
3.1, we find that the local coordinates is given by é} = :—i for a certain ¢(xy, -, x,,). Then
by the chain rule, under the pushforward of this inclusién, the tangent vector a%j becomes

0 08 0 0 7% 0
X=v—+> s =5"+) ¥—5%.
7 ﬁxj Z 8xj 0§ 8xj Zf 5x18xj 0§

Recalling the definition of our metric, we see that the induced metric on M is

> gydndx, = > (X, X)), (X, X))
1, 0 g ¢
== (3= - (-5 ))dxdx, = > ~——dxdx,.
2" 0x,0x; 0x,0%; kT Z 02,0, K
It’s direct to check this metric is non-degenerate by the transversality condition, though
might not be positive in general.
Now we check the Lagrangian condition for £2,. Then by the expressions of &, )

above, we get
ab
0=0,(X, X)) =, + Zglmgjbw .

Thus if we take

j/: = Z wjdgak’
we find that /> = —1 defining an almost complex structure. Also by the skew-symmetry of
, we find that / is skew-adjoint with respect to ¢. Now take 2, = > o ":—Z, we may find

da, y .
that Bix:, = > &'g, since &' is independent of x;. Thus J = dyX whete X = > “jaixj'
Hence dy/ = 0 by the flatness of the connection.

It remains to show that / is integrable. Consider the complex functions z; = x; —

J-13 a)jk;—¢. Then we differentiate them to get 2z complex 1—forms:
e
dz; = do; =1 w*gdy = dx, ~=1]/ dx, = (id - V=1))dx;.
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We see from the final expression that these are indeed (1, 0)—forms. Moteovet, since
dej = dzj + dEj, if we consider the disttibution E of the common ketnel of dz;, -, dz,,
we find that the complex rank of F is # and that £ @ E = TM ® C. By a similar discussion
to that after proposition 3.1, we find the almost complex structure is indeed integrable,
and hence genuinely a complex struture. Thus the metric g, the flat symplectic connection
V and this complex structure [ fits into a special pseudo-Kéhler manifold.

Now let’s prove the converse. Let M be a special pseudo-Kihler manifold and (xy, -, x,,,)
be flat local coordinates, so that the covariant derivative is just the ordinary derivative and
the symplectic form is constant under this local coordinate. Then reversing the process
above, if we define 2, = > wy, ]jldxj, then since ay,; is constant and dy/ = 0, we have

o
day, = Z a),dﬁdxm Adx; = 0.

Thus locally there exists & such that 2, = d&, and we can map M to R* x R*" by x ~

(x, £(x)).

Then when restricting to M, by the symmetry of g;;, we have
1 !
5(21|M = dej Na; = dej Aoy fyd, = dej A gpd, = 0.
And similarly by definition of #; and computation we have

ab
Q)4 = Z w;dx; N dx; + 07 g, dx; N g, idx,

which can be seen to be 0 since ]2 =-1.

Then taking ¥ = R*" with the skew form given by w,

;7> We get a local embedding of

M in the manner above, being Lagrangian with respect to 2y, £2, with induced metric g, ,

hence we are done. O

Finally, we shall see this ¢ appearing in the proof is indeed a Kihler potential (but in

fact up to a scalar), as one may guess.

Prop 3.2. 2¢ is a Kihler potential for the Kéhler metric w.
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Proof.
V193(29) = - 5d(Jd(29))

9
== %U;a—i)dxk A dx;)

ro 0 0

= — (Zw %a—ma—%dﬁ% A dxj +4 mdxk A dxj)

The first term appears because of our construction of ]ji =3 g, ,; and the definition
0 .. . .
of g,; = ax—;:. Also note that the skew form w is independent of x;,, hence implying the
a7
formula above. Also this first term vanishes due to the symmetry of 7 and ;.

Finally we calculate that

Z]j{gﬂedxk A dxj =- Z wkjdx/e A dxj = —w,
and we are done. O

Rmk 3.1. At the ending, we show how the prepotential also appears in this way. We
choose now a symplectic basis on V" and the corresponding local coordinates give w =

2. dx; Adx,, ;. In our notations above, we have now
2n
Q=2 dx ndE;
7

Q, = > dx;Ndx,, — > dEndE,,.
j=1 7=1

Then consider the complexified

n

[ 1 S
Q=50+ =10, = Zl d(x; +V-1£, ) nd(§ +V-1x,,)) = > du A dw,
e

71
hence being identified with the canonical complex symplectic form on 7"C".

From proposition 3.1, a submanifold on which £2;, (2, both vanish is the same as a
submanifold of 7°C”, while from lemma 3.1, this is given by the graph of the derivative of
a holomorphic function, i.e., v = 3% Thus as long as we have a special Kihler metric, we
know from theorem 3.1 that this is locally induced from an embedding into V' xV satisfying

the transversality condition. Now using the theorem other way round, we see the special

Kihler metric can always be induced by such a holomorphic prepotential F.
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