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0 Introduction

Themain task here is to introduce the special Kähler structure on themoduli spaceℳ. The

discussion will be mainly separated into two parts: the first being some explicit calculation

in our case of Calabi-Yau 3-folds while the second being some discussion about general

(projective) special Kähler condition.

Before we introduce the definition of special Kähler geometry, I would discuss about

some notational issues first since I would follow the paper [S] of Strominger for the explicit

calculation in the case of Calabi-Yau 3-fold. However there are some difference between

his general setting and the setting in our paper.

In a word, what Strominger considers in his paper is a moduli space ℳ of complex

structures over a given Calabi-Yau manifold with of Hodge bundleℋ whose fibersℋ𝑥 are
𝛨3(𝑌𝑥, ℂ), 𝑥 ∈ 𝛭 where 𝑌𝑥 is the Calabi-Yau 3-fold corresponding to the point 𝑥 ∈ ℳ.

While in our paper we can consider more concretely as ℳ being a kind of global toric

variety and 𝑌𝑥 being a family of hypersurfaces.

We also consider a (3,0)-form𝛺𝑥 = 𝑅𝑥(𝜔0) where 𝑅𝑥 is the residue map that allows us

to transmit from a form𝛺𝑥 on 𝑌𝑥 to a form 𝜔0 on the ambient toric variety which is easier

to calculate. Correspondingly, Strominger uses such a “global” form, i.e., a section of the

bundleℋ, 𝛺 which he simply takes to be the form onℳ locally given by 𝛺𝑥.
Over themoduliℳ, this is only well-defined up to projective transformations which are

not constant onℳ ∶ 𝛺 𝑓−→∶ 𝑒𝑓(𝑥)𝛺. We shall explain that speaking rigourously, picking 𝛺



gives a section of a bundleℋ⊗𝐿 instead of a section ofℋ itself, where 𝐿 is an appropriate
line bundle.

Recall theWeil-Peterssonmetric defined by 𝑔𝑖𝑗̄ = 𝜕𝑖𝜕𝑗̄𝒦, where𝒦(𝑥, 𝑥̄) = − log⟨𝛺𝑥, 𝛺𝑥⟩.
Note that the Kähler potential𝒦 is not defined globally but only locally, and further, over

adjacent patches 𝑈1, 𝑈2, suppose 𝛺 → 𝑒𝑓21(𝑥)𝛺, then the Kähler potential 𝒦 transforms

as 𝒦2 = 𝒦1 − 𝑓21 − 𝑓21. Thus there exists a real line bundle 𝑅 such that the transition

function of a section 𝑠 of 𝑅 between two adjacent patches 𝑠1, 𝑠2 is given by 𝑠1 = 𝑒−(𝑓21+𝑓21)𝑠2.
We shall show that this line bundle can be globally decomposed as 𝐿−1⊗𝐿−1 for certain 𝐿.

This essentially relies on a result of Tian (see Theorem 2. in [T], p.641) that the Kähler

form associated to this metric 𝜔 = − √−12𝜋 𝑔𝑖𝑗̄𝑑𝑧𝑖 ∧ 𝑑𝑧̄𝑗 is integral, i.e., represents a class in
𝛨2(ℳ, ℤ). Hence there exists a holomorphic hermitian line bundle (𝐿, ℎ) with hermitian

metric ℎ = 𝑒𝒦. (This is a result combining Lefschetz Theorem on (1,1)-classes and a

proposition constructing suitable hermitian metric on the desired line bunddle. Readers

may refer to [GH] p.163, p.148, respectively.) In fact, Tian proved that this line bundle is

exactly the tautological line bundle of the projective space ℙ(𝛨3(𝑌𝑥, ℂ)), as defined in our

paper till the ending of section (2-1) and denoted byℒ there.

Now by the tautological construction of this line bundle 𝐿, it is essentially determined

by its transition functions on the section 𝛺, namely, 𝛺 ↦ 𝑒𝑓21𝛺 on the intersection of

pateches𝑈1, 𝑈2. Now we can directly check that𝑅 ≅ 𝐿−1⊗𝐿−1 via calculation on transition
functions. This is simply because

− log⟨𝑒𝑓𝛺, 𝑒𝑓𝛺⟩ = − log𝒦− 𝑓 − 𝑓.

Recall last time we have constructed a “corrected” covariant derivative 𝐷𝑖 = 𝜕𝑖 + 𝛫𝑖
acting on 𝛺, where 𝛫𝑖 = 𝜕𝑖𝒦 = − ⟨𝜕𝑖𝛺,𝛺⟩⟨𝛺,𝛺⟩ , to ensure that it is compatible with the Hodge

decomposition rather than merely the filtration. In fact since 𝜕𝑖 may only mix a (3,0)-form

with a (2,1)-form, we can calculate this “correction” term 𝛫𝑖 reversely by the orthogonal
relations between forms that are not of conjugate type. Thus we get a set of basis 𝐷𝑖𝛺 of

𝛨2,1(𝑌𝑥, ℂ). We shall denote this set of basis by 𝐺𝑖 = 𝐷𝑖𝛺, partially following the notation

in [S]. From the discussion above we see that𝐺𝑖 is really a section of the bundle 𝛵∗⊗ℋ⊗𝐿,
where 𝛵∗ is the holomorphic cotangent bundle.

We shall first prove an identity that the inner product of 𝐺𝑖, 𝐺𝑗̄ gives minus the Kähler
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metric on 𝛵 ⊗ 𝐿−1, which is the first line in section (2-5) in our paper [Ho].

Prop 0.1. ⟨𝐺𝑖, 𝐺𝑗̄⟩ = −𝑒−𝒦𝑔𝑖𝑗̄.

Proof.

−𝑒−𝒦𝑔𝑖𝑗̄ =(−𝑒−𝒦)(−𝜕𝑖(
⟨𝛺, 𝜕𝑗̄𝛺⟩
⟨𝛺,𝛺⟩

))

=𝑒−𝒦
⟨𝛺,𝛺⟩⟨𝜕𝑖𝛺, 𝜕𝑗̄𝛺⟩ − ⟨𝜕𝑖𝛺,𝛺⟩⟨𝛺, 𝜕𝑗̄𝛺⟩

⟨𝛺,𝛺⟩2

=
⟨𝛺,𝛺⟩⟨𝜕𝑖𝛺, 𝜕𝑗̄𝛺⟩ − ⟨𝜕𝑖𝛺,𝛺⟩⟨𝛺, 𝜕𝑗̄𝛺⟩

⟨𝛺,𝛺⟩

=⟨𝜕𝑖𝛺, 𝜕𝑗̄𝛺⟩ −
⟨𝜕𝑖𝛺,𝛺⟩⟨𝛺, 𝜕𝑗̄𝛺⟩

⟨𝛺,𝛺⟩
;

⟨𝐺𝑖, 𝐺𝑗⟩ =⟨𝜕𝑖𝛺 + 𝛫𝑖 ⋅ 𝛺, 𝜕𝑗̄𝛺 + 𝛫𝑗 ⋅ 𝛺⟩

=⟨𝜕𝑖𝛺, 𝜕𝑗̄𝛺⟩ −
⟨𝜕𝑖𝛺,𝛺⟩
⟨𝛺,𝛺⟩

⟨𝛺, 𝜕𝑗̄𝛺⟩ −
⟨𝛺, 𝜕𝑗̄𝛺⟩
⟨𝛺,𝛺⟩

⟨𝜕𝑖𝛺,𝛺⟩ +
⟨𝜕𝑖𝛺,𝛺⟩⟨𝛺, 𝜕𝑗̄𝛺⟩

⟨𝛺,𝛺⟩

=⟨𝜕𝑖𝛺, 𝜕𝑗̄𝛺⟩ −
⟨𝜕𝑖𝛺,𝛺⟩⟨𝛺, 𝜕𝑗̄𝛺⟩

⟨𝛺,𝛺⟩
.

Recall and summarize what we have till now. The inner product of the 3-forms (𝛺,𝐺𝑖, 𝐺𝑖̄, 𝛺̄)
with the symplectic basis 𝛼𝛪, 𝛽𝐽 defines the period matrix, hence defining 2𝑟 + 2 elements

forming a basis of the bundle 𝛦 = 𝐿⊕(𝛵∗⊗𝐿)⊕ (𝛵∗⊗𝐿)⊕𝐿 , where 𝛵∗ is the cotangent
bundle ofℳwhile 𝐿 is a holomorphic hermitian line bundle overℳwith curvature −2𝜋𝑖𝜔,
namely, whose Chern class is exactly [𝜔]. A Kähler manifold equipped with such a line

bundle will be called a Hodge manifold in later sections. To avoid confusion with our chosen

(3,0)-form 𝛺, we denote the (2𝑟 + 2) × (2𝑟 + 2) period matrix as

(
𝜛
𝜛
) = (

𝐷𝑖𝛸𝛪 𝐷𝑖𝛲𝐽

𝐷𝑖𝛸𝛪 𝐷𝑖𝛲𝐽
) .
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1 Covariant Derivatives and Related Calculations

In this section we will discuss about The covariant derivatives appeared in our paper [Ho].

Readers may find that there are differently defined covariant derivatives all denoted by 𝐷𝑖
in this paper. I shall clarify this and carry out the calculation of some basic properties of

them, to be prepared for the proof (which is essentially calculation again) for the main

theorems.

Def 1.1. We define 𝐷(𝑘,𝑙)𝑖 to be the covariant derivative in the holomorphic direction 𝜕𝑖
associated to the metric connection acting on the bundle 𝛵∗ ⊗ 𝐿⊗𝑘 ⊗ 𝐿⊗𝑙.

In the terminology of our paper [Ho], this means that 𝐷(𝑘,𝑙)𝑖 is the metric-compatible

covariant derivative for a section of wieght (𝑘, 𝑙). This could be similarly extended to

bundles such as Sym𝑎𝛵∗ ⊗𝐿⊗𝑘 ⊗𝐿⊗𝑙 for later use. However, these upper indices (𝑘, 𝑙) are
not explicit displayed in the text of our paper. For example, in section (3-1), when acting

on the prepotentialℱ(𝛸), which is a section of Sym3𝛵∗ ⊗𝐿⊗2, the formula is shown as in

formula (3.4), while in the case before, for 𝛺 which is a section of 𝐿 = Sym0𝛵∗ ⊗ 𝐿, the
formula is 𝐷(1,0)𝑖 = 𝜕𝑖 + 𝛫𝑖. So to clarify this, we shall first do the following calculation.

Similar calculation could also be done for general Sym𝑎𝛵∗ ⊗ 𝐿⊗𝑘 ⊗ 𝐿⊗𝑙. For a discussion
in the physical setting, the reader may refer to the paper [B], p.34 (in arXiV version).

Prop 1.1.

𝐷(𝑚,0)𝑖 = 𝜕𝑖 + 𝑚𝛫𝑖 − 𝛤∗𝑖∗.

More explicitly, 𝐷(𝑚,0)𝑖 𝑉𝑘 = 𝜕𝑖𝑉𝑘 + 𝑚𝛫𝑖 ⋅ 𝑉𝑘 − 𝛤
𝑗
𝑖𝑘𝑉𝑗.

Proof. The Kähler metric over 𝛵 ⊗ 𝐿−1 is given by ℎ𝑖𝑗̄ = −⟨𝐺𝑖, 𝐺𝑗⟩ = 𝑒−𝒦𝑔𝑖𝑗̄, and similarly

over 𝛵 ⊗ 𝐿−𝑚 is given by −𝑒−𝑚𝒦𝑔𝑖𝑗̄. Hence the corresponding Kähler metric connection

is given by

(𝑒𝑚𝒦𝑔𝑘𝑙̄)𝜕𝑖(𝑒−𝑚𝒦𝑔𝑗𝑙̄) =𝑒𝑚𝒦𝑔𝑘𝑙̄(−𝑒−𝑚𝒦𝜕𝑖𝒦𝑔𝑗𝑙̄ + 𝑒−𝑚𝒦𝜕𝑖𝑔𝑗𝑙̄)

= − 𝑚𝜕𝑖𝒦𝑔𝑘𝑙̄𝑔𝑗𝑙̄ + 𝛤
𝑗
𝑖𝑘 = −𝑚𝛫𝑖𝛿

𝑘
𝑗 + 𝛤

𝑗
𝑖𝑘.

Taking the induced connection on the dual bundle of 𝛵⊗𝐿−1, i.e., 𝛵∗ ⊗𝐿, implies the

result.
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We can well do similar calculations to prove the correct covariant derivatives𝐷𝑖 acting
on 𝛵∗ ⊗ 𝐿 is 𝜕𝑖, which means the expression of 𝐷𝑖 before Theorem 2.1 in our paper [Ho]

is reasonable, as well as 𝐷𝑖̄.
Next let’s deduce some basic commutativity properties of these covariant derivatives,

to be used in calculations later.

Prop 1.2.

[𝐷𝑖, 𝐷𝑗] =0;

[𝐷𝑖, 𝐷𝑗̄]𝛺 = − 𝑔𝑖𝑗̄𝛺;

[𝐷𝑖, 𝐷𝑗̄]𝛺 =𝑔𝑖𝑗̄𝛺.

Proof. First as a remark, the first property actually holds for any metric connections 𝐷𝑖
defined as above, such as those acting on Sym3𝛵∗ ⊗ 𝐿⊗2 and this will be of basic use in

later sections, but we shall only calculate the case when they act on sections of weight

(1, 0) here, since the calculation in the general case is analogous. Also we will not exhibit

the calculation of the third formula, being the same as that of the second one.

Then by definition, 𝐷𝑖𝐺𝑘 = 𝜕𝑖𝐺𝑘 + 𝜕𝑖𝒦 ⋅ 𝐺𝑘 − 𝛤𝑘𝑖𝑗𝐺𝑗, hence

𝐷𝑙𝐷𝑖𝐺𝑘 =𝜕𝑙(𝜕𝑖𝐺𝑘) + 𝜕𝑙𝒦 ⋅ 𝜕𝑖𝐺𝑘 − 𝛤𝑘𝑙𝑗𝜕𝑖𝐺𝑗
+𝜕𝑖(𝜕𝑖𝒦 ⋅ 𝐺𝑘) + 𝜕𝑙𝒦 ⋅ 𝜕𝑖𝒦 ⋅ 𝐺𝑘 − 𝜕𝑖𝒦 ⋅ 𝛤𝑘𝑙𝑗𝐺𝑗
−𝛤𝑘𝑖𝑗𝜕𝑙𝐺𝑗 − 𝜕𝑙𝒦 ⋅ 𝛤𝑘𝑖𝑗𝐺𝑗 + 𝛤𝑘𝑖𝑗𝛤

𝑗
𝑙𝑠𝐺𝑠.

Similarly one obtain a formula for 𝐷𝑖𝐷𝑙𝐺𝑘 and one may notice that all the terms in-

volving 𝛤∗𝑖∗ are symmetric in 𝑖 and 𝑙, while the sum of the other four terms in 𝐷𝑖𝐷𝑙𝐺𝑘 and
𝐷𝑙𝐷𝑖𝐺𝑘 are also the same, both being equal to

𝜕𝑙𝜕𝑖𝐺𝑘 + 𝜕𝑙𝒦 ⋅ 𝜕𝑖𝒦 ⋅ 𝐺𝑘 + 𝜕𝑙𝜕𝑖𝒦 ⋅ 𝐺𝑘 + 𝜕𝑙𝒦 ⋅ 𝜕𝑖𝐺𝑘 + 𝜕𝑖𝒦 ⋅ 𝜕𝑙𝐺𝑘,

finishing the proof of the first property.

Next consider [𝐷𝑖, 𝐷𝑗̄]𝛺. First notice that𝛺 is holomorphic, hence 𝜕𝑗̄𝛺 = 0 and thus
𝐷𝑗̄𝛺 = 0. Also 𝜕𝑗̄𝜕𝑖𝛺 = 𝜕𝑖𝜕𝑗̄𝛺 = 0. Hence

[𝐷𝑖, 𝐷𝑗̄]𝛺 = −(𝜕𝑗̄𝜕𝑖𝛺 + 𝜕𝑗̄(𝛫𝑖 ⋅ 𝛺)) = −𝜕𝑗̄(𝜕𝑖𝒦) ⋅ 𝛺 = −𝑔𝑖𝑗̄𝛺.
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Rmk 1.1. You can ignore the boring calculation above as soon as we have proposition 1.1.

and you realize that the curvature matrix of the metric connection on a hermitian bundle is

an hermitian matrix of (1,1)-forms, which is a general result in complex geometry that you

can refer to in [GH] p.75. This means that if we separate the curvature 2−form into three

parts according to type: 𝛺 = 𝛺(2,0) + 𝛺(1,1) + 𝛺(0,2), then only the mixed type curvature

does not vanish, which is given by the commutator of mixed covariant derivatives [𝐷𝑖, 𝐷𝑗̄],
while two holomorphic or two anti-holomorphic covariant derivatives always commute.

One may naturally ask that how these 𝐷𝑖’s act on this bundle, such as on the basis

elements in 𝜛 and 𝜛 especially. By the orthogonal conditions and the two calculational

propositions 0.1 and 1.2, one can deduce this easily. In fact one can compute the connec-

tion matrix 𝛢𝑖 that makes 𝔻𝑖 = 𝐷𝑖 + 𝛢𝑖 acting covariantly on this set of basis, and since

the transition function of the bundle is a constant matrix in Sp2𝑟+2, we know that we get a

flat connection 𝔻 on the bundle 𝛦 (which acts as 𝔻𝑖 on the basis element 𝐺𝑖).
Recall the Yukawa coupling 𝐶𝑖𝑗𝑘 = √−1⟨𝛺, 𝜕𝑖𝜕𝑗𝜕𝑘𝛺⟩. Denote 𝒞𝑛̄𝑖𝑚 = √−1𝑒𝒦𝐶𝑖𝑚𝑛𝑔𝑛𝑛̄

and 𝒞𝑛𝑖̄𝑚̄ = −√−1𝑒𝒦𝐶𝑖̄𝑚̄𝑛̄𝑔𝑛𝑛̄. Then we have the following:

Thm 1.1. The period matrix satisfies:

(𝐷𝑖 + 𝛢𝑖) (
𝜛
𝜛
) = (

0
0
) ; (𝐷𝑖̄ + 𝛢𝑖̄) (

𝜛
𝜛
) = (

0
0
) ,

where

(𝛢𝑖)0,𝑛 = − 𝛿𝑛𝑖 , (𝛢𝑖)𝑚,𝑛̄ = 𝒞𝑛̄𝑖𝑚, (𝛢𝑖)𝑚̄,0̄ = −𝑔𝑖𝑚̄
(𝛢𝑖̄)0̄,𝑛̄ = − 𝛿𝑛̄0̄ , (𝛢𝑖̄)𝑚̄,𝑛 = 𝒞

𝑛
𝑖̄𝑚̄, (𝛢𝑖̄)𝑚,0 = −𝑔𝑖̄𝑚,

and the other terms vanish.

Proof. We shall only calculate (𝛢𝑖)𝑚,𝑛̄ since the other calculations are similar, using the other

properties obtained in the proposition above. Then suppose (remembering 𝐺𝑖 ∶= 𝐷𝑖𝛺 is

our notation)

𝐷𝑖(𝐷𝑗𝛺) = 𝑐0𝛺 + 𝑐𝑚𝐷𝑚𝛺 + 𝑑𝑚𝐷𝑚𝛺 + 𝑑0𝛺.

Then since the only non-vanishing inner product is ⟨𝐷𝑛𝛺,𝐷𝑚𝛺⟩ = −𝑒−𝒦𝑔𝑛𝑚̄ as proven

in proposition 0.1. We find that 𝑐0 = 𝑑0 = 𝑐𝑚 = 0 and

−𝑑𝑚𝑒−𝒦𝑔𝑘𝑚̄ = ⟨𝐷𝑘𝛺,𝐷𝑖𝐷𝑗𝛺⟩.
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Considering the type of the forms we may see that

∫
ℳ
𝛺 ∪ 𝜕𝑖𝜕𝑗𝛺 = 0.

Differentiating this equation by 𝜕𝑘, we immediately find that

∫
ℳ
𝜕𝑘𝛺 ∪ 𝜕𝑖𝜕𝑗𝛺 = −∫

ℳ
𝛺 ∪ 𝜕𝑖𝜕𝑗𝜕𝑘𝛺 = 𝐶𝑖𝑗𝑘.

The similar result holds for the covariant derivatives 𝐷𝑖, 𝐷𝑗, 𝐷𝑘. Hence

−𝑑𝑚𝑒−𝒦𝑔𝑘𝑚̄ = −⟨𝛺,𝐷𝑘𝐷𝑖𝐷𝑗𝛺⟩.

However, again by arguing with the type of the forms, we can see that the extra terms

𝛫𝑖 + 𝛤∗𝑖 make to contribution to the inner product, since one derivative of a (3,0)-form

at most increase the antiholomorphic rank by one and hence the only nonvanishing term

in the inner product is contributed by ⟨𝛺, 𝜕𝑖𝜕𝑗𝜕𝑘𝛺⟩ and thus with the commutativity of

𝐷𝑘, 𝐷𝑖, 𝐷𝑗, we get −𝑑𝑚𝑒−𝒦𝑔𝑘𝑚̄ = √−1𝐶𝑖𝑗𝑘, namely,

(𝛢𝑖)𝑚,𝑛̄ = 𝒞𝑛̄𝑖𝑚 = √−1𝑒𝒦𝐶𝑖𝑚𝑛𝑔𝑛𝑛̄.

The connection𝔻 = 𝐷+𝛢 obtained as above is flat by the discussion ahead of the cal-

culation. As a corollary, the curvature tensors vanish. This gives us nontrivial implications

about the original covariant derivative 𝐷𝑖.

Thm 1.2. The vanishing of [𝔻𝑖, 𝔻𝑗] is equivalent to the existence of a (not necessarily

holomorphic) prepotential; while the vanishing of the mixed type [𝔻𝑖, 𝔻𝑗̄] is equivalent to
the curvature condition that

−𝑅𝑘𝑖𝑗̄𝑙 = 𝑔𝑖𝑗̄𝛿
𝑘
𝑙 + 𝑔𝑗̄𝑙𝛿𝑘𝑖 − 𝑒2𝒦𝐶𝑖𝑙𝑚𝐶𝑗̄𝑘̄𝑚̄𝑔𝑚𝑚̄𝑔𝑘𝑘̄.

Proof. I shall only give a sketch of this proof, omitting the detail of the calculations.

For the first statement, consider the inner product

⟨𝐺𝑘, [𝐷𝑖, 𝐷𝑗]𝐺𝑙⟩ =⟨𝐷𝑘𝛺,𝐷𝑖𝐷𝑗𝐷𝑙𝛺⟩ − ⟨𝐷𝑘𝛺,𝐷𝑗𝐷𝑖𝐷𝑙𝛺⟩

=⟨𝐷𝑖𝛺,𝐷𝑘𝐷𝑗𝐷𝑙𝛺⟩ − ⟨𝐷𝑖𝛺,𝐷𝑘𝐷𝑖𝐷𝑙𝛺⟩ = 𝐷𝑗𝐶𝑖𝑘𝑙 − 𝐷𝑖𝐶𝑗𝑘𝑙.
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Hence if this formula is equal to 0, we can use the Poincaré lemma iteratively to find

that locally 𝐶𝑖𝑗𝑘 = 𝐷𝑖𝐷𝑗𝐷𝑘ℐ (but this ℐ is not necessarily holomorphic indeed).

For the second statement, expand the following equation properly:

0 = ⟨𝐺𝑙, [𝔻𝑖, 𝔻𝑗̄]𝐺𝑘⟩.

We shall end this section of computations by introducing the notations in section (2-6)

in our paper [Ho]. First denote 𝛼 = (0, 𝑖) and 𝛼 = (0̄, 𝑖̄), 𝑖 = 0, ⋯ , 𝑟 for the indices of
the basis of 𝜛 and their conjugates. Recall that we can normalize the period matrix, i.e.,

𝜛 = (𝐷𝛼𝛸𝛪 𝐷𝛼𝛲𝐽) = (𝐷𝛼 𝛸𝛪)(𝛪𝑟+1 𝜏𝛪𝐽), where 𝛪𝑟+1 is the (𝑟 + 1) × (𝑟 + 1) identity matrix

and 𝜏𝛪𝐽 = 𝜕2
𝜕𝛸𝛪𝜕𝛸𝐽ℱ. Also denote 𝜉𝛪𝛼 ∶= 𝐷𝛼𝛸𝛪 and similarly for 𝜉𝛼𝛪 , 𝜉

𝛪
𝛼, 𝜉

𝛼
𝛪 . (You may check

[Ho] for the concrete definition if confused.)

Then one may naturally how the computational results proven above change as the

base change. First, notice the result in proposition 0.1 can be summarized as following

(where 𝑄 = (
0 𝛪𝑟+1
−𝛪𝑟+1 0

) as in the Riemann bilinear relation):

(
𝑔00̄ 0
0 𝑔𝑖𝑗̄

) = −𝑒𝒦√−1𝜛𝑄𝑡𝜛 (𝑔00̄ ≡ −1).

Then

𝑔𝛼𝛽 = −√−1𝑒𝒦𝜉𝛪𝛼 (𝛪𝑟+1 𝜏𝛪𝐽)𝑄
𝑡(𝛪𝑟+1 𝜏𝛪𝐽)𝜉

𝐽
𝛽

and notice that

(𝛪𝑟+1 𝜏𝛪𝐽)𝑄
𝑡(𝛪𝑟+1 𝜏𝛪𝐽) = (−𝜏𝛪𝐽 𝛪𝑟+1) (

𝛪𝑟+1
𝑡𝜏𝛪𝐽
) = (𝜏 − 𝜏)𝛪𝐽.

Hence we get that

𝑔𝛼𝛽 = √−1𝑒𝒦𝜉𝛪𝛼 (𝜏 − 𝜏)𝛪𝐽𝜉
𝐽
𝛽.

Therefore it might be natural to introduce a metric by 𝒢𝛪𝐽 = √−1𝑒𝒦(𝜏 − 𝜏)𝛪𝐽 and

similarly its inverse 𝒢𝛪𝐽 so that we have 𝑔𝛼𝛽 = 𝜉𝛪𝛼𝒢𝛪𝐽𝜉
𝐽
𝛽. For the results in theorem 2.1

reformulated in the notations 𝜉𝑖, readers may refer to (2.13) in our paper [Ho] directly

since I do not want to copy here.
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2 (Projective) Special Kähler Manifold

First let us recall our bundle 𝛦 = 𝐿 ⊕ (𝛵∗ ⊗ 𝐿) ⊕ (𝛵∗ ⊗ 𝐿) ⊕ 𝐿 and its basic properties

mentioned in the intro section. This will firstly lead to the following definition. (The

definitions and results in this section are all from Freed’s paper [F] and readers may find

many details therein.)

Def 2.1. A Hodge manifold is a triple (𝛭, 𝐿, 𝜔) where𝛭 is a Kähler Manifold and 𝐿 → 𝛭
is a holomorphic hermitian line bundle over ℳ with curvature −2𝜋𝑖𝜔, namely, whose

Chern class is exactly [𝜔].

Moreover, as in our case, we shall directly give the definition of projective special Kähler

manifold.

Def 2.2. A projective special Kähler structure on an 𝑛−dimHodge manifold (𝛭, 𝐿, 𝜔) is a triple
(𝑉, ∇,𝑄) where

(i) 𝑉 → 𝛭 is a holomorphic vector bundle of rank 𝑛 + 1 with a given holomorphic

inclusion 𝐿 ↪ 𝑉;
(ii) ∇ is a flat connection on the underlying real bundle 𝑉ℝ such that ∇(𝐿) ⊆ 𝑉 and the

section 𝑚 ↦ 𝐿𝑚 which is a map from𝛭 to ℙ((𝑉ℝ)ℂ) is an immersion with respect to ∇;
(iii) 𝑄 is a nondegenerate skew form on 𝑉ℝ which has type (1, 1) with respect to the

complex structure and satisfies ∇𝑄 = 0. Furthermore, we assume that 𝑄|𝐿×𝐿 is 𝑖
2𝜋 times

the Hermitian metric on 𝐿.

In our case, 𝑉 is just 𝐿⊕ (𝛵∗ ⊗𝐿) as described in section 0, and the flat connection𝔻
satisfying a certain Griffiths’ transversality is also shown to exist in section 1. As for the

nondegenerate skew form 𝑄, it is just the natural pairing ⟨, ⟩.
Hence we can easily find that this definition is well-suited for our case. However, we

shall introduce another seemingly shorter definition of the special Kähler manifold in non-

projective case and prove that there is certain correspondence between these two cases.

Def 2.3. A special (pseudo-)Kähler manifold is a complex manifold (𝛭, 𝐽) where 𝐽 is a certain
complex structure with
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(i) a (pseudo-)Kähler metric 𝑔 with (pseudo-)Kähler form 𝜔, where pseudo means the

metric may not be positive definite;

(ii) a flat symplectic torsion-free connection∇which is “compatible” with the complex

structure 𝐽, that is to say (which we shall explain later),

∇2 = 0, ∇𝜔 = 0, 𝑑∇(id) = 0, 𝑑∇𝐽 = 0.

Rmk 2.1. Let me clarify the conditions in this definition. (If you are not familiar with these

things as me, you may find further reference in [Hu], section 4.2, and definitions in papers

[A], [Bi], [H], besides Freed’s paper [F] iteself. In fact, this remark is just an integration of

these materials.)

Before we begin, first note that in general for a vector bundle 𝛦 over a real manifold,

the connection ∇ gives a natural extension of the de Rham complex:

0 → 𝒜0(𝛦) 𝑑∇ ∶=∇−−−−→ 𝒜1(𝛦) 𝑑∇−−→ 𝒜2(𝛦) → ⋯

Here 𝒜𝑘(𝛦) denotes the sheaf of 𝛦-valued 𝑘−forms. And an extension ∇ ∶ 𝒜𝑘(𝛦) →
𝒜𝑘+1(𝛦) is defined as follows: for a local 𝑘−form 𝛼 and a local section of 𝛦, we define
∇(𝛼 ⊗ 𝑠) = 𝑑𝛼 ⊗ 𝑠 + (−1)𝑘𝛼 ∧ ∇(𝑠).

In our case we simply take the vector bundle 𝛦 to be the tangent bundle 𝛵𝛭. Besides,

we view id and the complex structure 𝐽, being an endomorphism of the tangent bundle, as

1−forms with values in 𝛵. So when we write 𝑑∇𝐽, 𝑑∇(id), they genuinely live in 𝒜2(𝛵𝛭),
while ∇𝜔 ∈ 𝒜3(𝛵𝛭).

(i) After this discussion, we can write out these conditions in a more explicit way via

“covariant derivatives”. For example, 𝑑∇𝐽 as a 2-form, when acting on two tangent vectors

𝛸, 𝑌, we have
𝑑∇𝐽(𝛸, 𝑌) = (∇𝛸𝐽)𝑌 − (∇𝑌𝐽)𝛸.

Hence we see that 𝑑∇𝐽 = 0 is not really saying ∇𝛸𝐽 ≡ 0 as 1-form and is certainly

weaker than this, rather, it feels like certain symmetry. In fact, since the Kähler form 𝜔 and

the complex structure 𝐽 determines the Kähler metric 𝑔, one can see if we require ∇𝛸 ≡ 0
in a strong sense, we can only get the Levi-Cevita connection, which is too restrictive.

Similarly, the torsion-free condition reads

𝑑∇(id)(𝛸, 𝑌) = ∇𝛸𝑌 − ∇𝑌𝛸 − [𝛸, 𝑌] = 0.
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(ii) If one denotes 𝜋(1,0) ∈ 𝒜1,0(𝛵ℂ𝛭) to be the projection onto the (1, 0) part of the
complexified tangent bundle, i.e., 𝜋(1,0) = id−𝑖𝐽

2 , then the condition 𝑑∇𝐽 = 0 is equivalent
to 𝑑∇𝜋(1,0) = 0 on the complexified tangent bundle. One may see from this description

that the condition of compatiblity with the complex structure implies the condition of

torsion-freeness, inasmuch as id is twice the real part of 𝜋(1,0).
(iii) Finally let’s discuss about the symplectic condition. In fact, for any symplectic man-

ifold, we can require a connection to be torsion-free and compatible with the symplectic

structure 𝜔. Similar to the discussion before, the latter means that

(∇𝛸𝜔)(𝑌, 𝛧) ∶= 𝛸(𝜔(𝑌, 𝛧)) − 𝜔(∇𝛸𝑌, 𝛧) − 𝜔(𝑌, ∇𝛸𝛧) = 0.

One may wonder about the existence and uniqueness of such a symplectic connection,

and how it would add stronger constraint by requiring compatibility with an extra complex

structure and flatness. We would summarize the existence results of symplectic connec-

tions in the proposition below, stating there exists non-unique symplectic connections,

parametrized by certain symmetric 3-tensor, while on the other hand, flatness is a much

stronger requirement such that one can determine the whole geometry of the manifold un-

der this special Kähler assumption via a single holomorphic function called prepotential.

Prop 2.1. There always exist symplectic connections on a symplectic manifold (𝛭, 𝜔).
The set of symplectic connections is an affine space modelled on the space of contravariant

symmetric 3-tensor fields 𝛤∞(Sym3𝛵𝛭) on𝛭.

Proof. To prove the existence, we first take any torsion-free connection∇0 such as the Levi-
Civita connection. Consider a tensor 𝛮 on𝛭 defined by ∇0𝛸𝜔(𝑌, 𝛧) =∶ 𝜔(𝛮(𝛸, 𝑌), 𝛧),
being well-defined by the nondegeneracy of 𝜔. And since 𝜔 is skew symmetric we have

𝜔(𝛮(𝛸, 𝑌), 𝛧) = −𝜔(𝛮(𝛸, 𝛧), 𝑌) and since𝜔 is closed, we know the cyclic sum∑
cyc
𝜔(𝛮(𝛸, 𝑌), 𝛧) =

0. (This is from the identity that can be checked directly with the definition of 𝑑𝜔 and the

torsion-free condition for∇0𝛸 that𝑑𝜔(𝛸, 𝑌, 𝛧) = (∇0𝛸𝜔)(𝑌, 𝛧)+(∇0𝑌𝜔)(𝛧,𝛸)+(∇0𝛧𝜔)(𝛸, 𝑌).)
Thus we define

∇𝛸𝑌 ∶= ∇0𝛸𝑌 +
1
3𝛮(𝛸, 𝑌) +

1
3𝛮(𝑌,𝛸).
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We can directly observe that this is torsion-free and

∇𝛸𝜔(𝑌, 𝛧) = 𝛸(𝜔(𝑌, 𝛧)) − 𝜔(∇𝛸𝑌, 𝛧) − 𝜔(𝑌, ∇𝛸𝛧)

= ∇0𝛸𝜔(𝑌, 𝛧) −
1
3𝜔(𝛮(𝛸, 𝑌), 𝛧) −

1
3𝜔(𝛮(𝑌,𝛸), 𝛧)

− 13𝜔(𝑌,𝛮(𝛸, 𝛧)) −
1
3𝜔(𝑌,𝛮(𝛧,𝛸))

= ∇0𝛸𝜔(𝑌, 𝛧) −
1
3𝜔(𝛮(𝛸, 𝑌), 𝛧) −

1
3𝜔(𝛮(𝑌,𝛸), 𝛧)

− 13𝜔(𝛮(𝛸, 𝑌), 𝛧) −
1
3𝜔(𝛮(𝛧, 𝑌), 𝛸)

= 13(𝜔(𝛮(𝛸, 𝑌), 𝛧) + 𝜔(𝛮(𝛸, 𝛧), 𝑌)) = 0,

where the third equation comes from 𝜔(𝑌,𝛮(𝛸, 𝛧)) = −𝜔(𝛮(𝛸, 𝛧), 𝑌) = 𝜔(𝛮(𝛸, 𝑌), 𝛧)
and the last one comes from the cyclic sum relation we deduced above.

Thus we see this ∇𝛸 is symplectic. And suppose ∇′𝛸 is also symplectic with ∇′𝛸𝑌 =
∇𝛸𝑌 + 𝑆(𝛸, 𝑌). Then the torsion-free condition is equivalent to that 𝑆(𝛸, 𝑌) = 𝑆(𝑌,𝛸)
and by

∇′𝛸𝜔(𝑌, 𝛧) = ∇𝛸𝜔(𝑌, 𝛧)−𝜔(𝑆(𝛸, 𝑌), 𝛧)−𝜔(𝑌, 𝑆(𝛸, 𝛧)) = 𝜔(𝑆(𝛸, 𝛧), 𝑌)−𝜔(𝑆(𝛸, 𝑌), 𝛧),

we find that ∇′𝛸𝜔 = 0 if and only if 𝜔(𝑆(𝛸, 𝑌), 𝛧) is totally symmetric.

After these clarifications, we shall come to the main result in this section, namely the

“correspondence” between the projective and non-projective cases. For this, we consider

a principalℂ× ∶ 𝛭 →𝛭 on a Hodge manifold𝛭 obtained by deleting the zero section of

𝐿 → 𝛭. Then the Hermitian connection on 𝐿 is also a connection on 𝑝 ∶ 𝛭 → 𝛭, i.e.,

a ℂ×−invariant distribution of horizontal subspaces ker𝑑𝑝. Also, we have a tautological
nonzero holomorphic section 𝑠 of 𝑝∗𝐿 → 𝛭 by setting 𝑠(𝑥) = 𝑥 which is a section of the

fiber 𝐿𝑝(𝑥). Then we need first know how to lift the Kähler metric.

Lem 2.1. Let 𝜔̃ ∈ 𝛺1,1(𝛭) satisfy that 𝜔̃(𝑌𝑥, 𝛧𝑥) = |𝑠𝑥|2𝑝∗𝜔(𝑌𝑥, 𝛧𝑥) for two horizontal

vectors 𝑌𝑥, 𝛧𝑥 ∈ ker𝑑𝑝 , vanishes when pairing a horizontal vector with a vertical one,

and is −1
𝜋 times the canonical Kähler form on pairs of vertical vectors. Then we have

𝜔̃ = √−1
2𝜋 𝜕𝜕|𝑠|2 and thus 𝜔̃ is closed in particular. Hence we get a pseudo-Kähler metric on

𝛭̃. Finally, 𝑝∗𝜔 = √−1
2𝜋 𝜕𝜕 log |𝑠|2.
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In particular we see from this construction that the metric 𝜔̃ is negative on fibers and

positive on horizontal subspaces, hence has signature (𝑛, 1) where 𝑛 = dim𝛭. We shall

omit the proof and readers may refer to [F], Lemma 4.1 directly.

Thm 2.1. Let (𝛭, 𝐿, 𝜔) be a Hodge manifold with associated pseudo-Kähler manifold

(𝛭, 𝜔̃) and the tautological section 𝑠.
(i) A projective special Kähler structure on𝛭 induces a ℂ×−invariant special pseudo-

Kähler structure ∇̃ on (𝛭, 𝜔̃) with ∇̃𝑠 = 𝜋(1,0) is the projection onto the (1, 0)−part of
the complexified tangent bundle.

(ii) Conversely, a ℂ×−invariant special pseudo-Kähler structure ∇̃ on (𝛭, 𝜔̃) satisfying
∇̃𝑠 = 𝜋(1,0) induces a projective special special pseudo-Kähler structure on (𝛭, 𝐿, 𝜔).

Proof. (i) Let ∇̃ = 𝑝∗∇. Using the inclusion 𝐿 ↪ 𝑉 we may view 𝑠 as a section of 𝑝∗𝑉. The
Griffiths’ tranversality condition for the projective special Kähler condition implies that

∇̃ ⊆ 𝑝∗𝑉 and the immersion condition implies that ∇̃ ∶ 𝛵𝛭 → 𝑝∗𝑉 is an isomorphism.

Considering the underlying real structure under this isomorphism, we get a real flat

connection on𝛭 denoted also by ∇̃. Also, under ∇̃𝑠, 𝑝∗𝑄 ∶= 𝑄̃ pulls back to −𝜔̃ since if

we diffentiate the third condition of projective special Kähler structure that

𝑖
2𝜋|𝑠|

2 = 𝑄̃(𝑠, 𝑠̄),

we may obtain that

𝜔̃ = 𝑖
2𝜋𝜕𝜕|𝑠|

2 = −𝑄̃(∇̃, ∇̃).

Further we see ∇̃𝜔̃ = 0 from this. And under ∇̃𝑠, 𝑠 corresponds to a holomorphic

vector field 𝜁 such that ∇̃𝜁 = 𝜋(1,0), hence 𝑑∇̃𝜋(1,0) = 0, which is equivalent to the special

Kähler condition as pointed out in remark 2.1.(ii).

(ii) The construction is just a reverse process of that above. Let now 𝑉 be the quotient

of 𝛵𝛭 by theℂ×−action. Then it is a holomorphic bundle over𝛭 and the vertical vectors

in 𝛵𝛭 gives a line bundle 𝐿 which includes into 𝑉. The connection ∇̃ on (𝛵𝛭)ℝ induces

a connection ∇ on 𝑉ℝ under the quotient of the ℂ×−action while the immersion condition

comes from the hypothesis ∇̃𝑠 = 𝜋(1,0). The form −𝜔̃ on𝛭 induces a skew form 𝑄 on

𝑉.
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As soon as we find such a correspondence, one may expect that the cumbersome calcu-

lation in the section 1 can be simplified by calculating formally under the (non-projective)

special Kähler condition, at least the symbols will be simpler, modulo some extra terms

from non-projectivity. This is indeed the case, as is shown in Freed’s paper [F].

We shall not repeat the calculation again in this notes, rather we would only briefly see

the result and readers may refer to the calculation in [F]. It roughly states that there exists

a correspondence between a cubic form 𝛯 ∈ 𝛨0(𝛭, Sym3𝛵∗𝛭), which is the Yukawa

coupling in our case (non-projectively), and the connection matrix 𝛢 that gives the special

Kähler connection ∇ via ∇ = 𝑑 + 𝛢, where 𝑑 is the Levi-Cevita connection.

In local coordinates, if we write 𝜔 = √−1ℎ𝑖𝑗̄𝑑𝑧𝑖 ∧ 𝑑𝑧𝑗; 𝛯 = 𝛯𝑖𝑗𝑘𝑑𝑧𝑖 ⊗ 𝑑𝑧𝑗 ⊗ 𝑑𝑧𝑘, then
(𝛢𝑖)𝑘̄𝑗 = √−1𝛯𝑖𝑗𝑙ℎ𝑙𝑘̄ while all other terms are 0, and the curvature tensor is given by

𝑅𝑖𝑗̄𝑘𝑙̄ = −ℎ𝛼𝛽̄𝛯𝑖𝑘𝛼𝛯𝑗𝑙𝛽.

One may find that the differences between the matrix here and that in our projective

case only occur at indices 0 and 0̄, while in the curvature formula only the corresponding

terms contribute difference.For instance, 𝑒2𝒦 disappears here. These certainly looks neater

than our original formulas. For actual coordinate-free calculations and statements of the

correspondence, see [F].

3 Viewpoint of Bilagrangian

The rest of the survey will be devoted to an important feature of special Kähler manifolds

that have been mentioned in previous parts. Namely, the special Kähler metric is totally

determined by a single holomorphic functionℱ in 𝑛 variables. If we follow the calculation

by local coordinates in section 1 of Freed’s paper [F], we can obtain this result shortly.

However, I choose to detour a little here to proceed as in Hitchin’s paper [H] because I

think essentially the calculations are analogue but we can see a little more structure via this

method with better symmetry perceived.

We shall first recall the definition of a Lagrangian submanifold.

Def 3.1. A submanifold 𝐿 of a symplectic manifold (𝛭, 𝜔) is said to be Lagrangian if for

every point 𝛲 ∈ 𝐿 and tangent vectors 𝛸, 𝑌 ∈ 𝛵𝛲𝐿, we have 𝜔|𝛲(𝛸, 𝑌) = 0.
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The idea of Hitchin is to focus more on the symplectic structure rather than the holo-

morphic structure, or to say, the complex structure. His main observation is the following:

Prop 3.1. A real 2𝑛−dimensional submanifold 𝑌 ⊆ 𝛸 is complex Lagrangian if and only

if 𝜔𝑐 = 0, where (𝛸, 𝜔𝑐) is a complex symplectic manifold of complex dimension 2𝑛 with
the complex symplectic 2−form 𝜔𝑐.

For the simple but ingenious proof, the reader may refer to the paper [H]. However,

the point is that if we separate the 2-form 𝜔𝑐 = 𝜔1 + √−1𝜔2, where 𝜔1, 𝜔2 are both real

symplectic forms, the vanishing of 𝜔𝑐 is simply determined by simultaneous vanishing of

𝜔1, 𝜔2. We can give an argument that is similar to the proposition above in spirit, also to be

used in further proofs, stating how these two real symplectic forms determine the structure

of a complex manifold of 𝛸.
For this, consider the distribution 𝛦 ⊆ 𝛵𝛸 ⊗ 𝐶, where 𝛵𝛸 is the tangent bundle of

𝛸, which is defined by the complex vector fields 𝑈 such that 𝜄(𝑈)𝜔𝑐 = 0, where 𝜄 is the
contraction. So this is just requiring 𝜔𝑐(𝑈, 𝑌) ≡ 0 for any complex vector field 𝑌, i.e.,
𝜔𝑖(𝑈, 𝑌) ≡ 0, 𝑖 = 1, 2. If the algebraic condition 𝛦 ⊕ 𝛦 = 𝛵𝛸 ⊗ 𝐶 holds, then we can

define an almost complex structure on 𝛸 by requiring 𝛵0,1𝛸 = 𝛦 (since 𝜔𝑐 is a (2,0)-form,

this is well-defined).

To show that this is indeed a complex structure, we only need to check integrability.

By Cartan’s magic formula, if 𝜄(𝑈)𝜔𝑐 = 0, since 𝜔𝑐 is closed by definition, we have

ℒ𝑈𝜔𝑐 = 𝑑(𝜄(𝑈)𝜔𝑐) + 𝜄(𝑈)𝑑𝜔𝑐 = 0.

Hence if 𝑈,𝑉 ∈ 𝛤(𝛦), we haveℒ𝑈𝜔𝑐 = 0 and 𝜄(𝑉)𝜔𝑐 = 0, and thus

𝜄([𝑈, 𝑉])𝜔𝑐 = ℒ𝑈(𝜄(𝑉)𝜔𝑐) − 𝜄(𝑉)(ℒ𝑈𝜔𝑐) = 0,

showing that [𝑈, 𝑉] ∈ 𝛤(𝛦) and thus implies the integrability.

With these preparations, next we shall show that to require a special Kähler structure is

to some extent the same as to require a certain “bilagrangian” condition. Wewould see how

the Kähler potential and the prepotential appear during the proof. The key observation is

the following lemma.
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Lem 3.1. Suppose we have a manifold𝛭 embedded in the space 𝛵∗𝑉 where 𝑉 is a real

symplectic vector space, and𝛭 is Lagrangian with respect to the canonical symplectic form

𝜔 on 𝛵∗𝑉 and transversal to the projection of 𝛵∗𝑉 ≅ 𝑉 ×𝑉∗ to 𝑉. Then the embedding is

defined by the graph of the derivative of a function 𝜙 on 𝑉, namely, in coordinates we have

𝑦𝑗 =
𝜕𝜙
𝜕𝑥𝑗 , and moreover, if𝛭 is complex manifold, 𝜙 can be chosen to be holomorphic.

Proof. Reformulating the transversal condition, this is just saying that 𝜋|𝛭 ∶→ 𝑉 is a local

homeomorphism, where 𝜋 is the canonical projection from 𝛵∗𝑉 to 𝑉. Moreover since𝛭
is embedded in 𝛵∗𝑉 and the latter is simply connected, this extends to a global homeomor-

phism. Hence𝛭 is globally parametrized by 𝑉, i.e., it is a graph for a section 𝛼 ∶ 𝑉 → 𝑉∗

which is the same as an 1-form on 𝑉. Hence if we write 𝛼 = 𝛼𝑖(𝑥)𝑑𝑥𝑖 in coordinates of 𝑉
with 𝑥 = (𝑥1, ⋯ , 𝑥𝑛), then𝛭 = {(𝑥1, ⋯ , 𝑥𝑛, 𝛼1(𝑥), ⋯ , 𝛼𝑛(𝑥))|𝑥 ∈ 𝑉}.

Next consider the Lagrangian condition. The canonical form 𝜔 on 𝛵∗𝑉 is 𝑑𝜆 where
𝜆 = ∑𝑦𝑗𝑑𝑥𝑗 where 𝑦𝑖 is a dual basis on 𝑉∗. Consider the parametrizing map 𝑓 ∶ 𝑉 → 𝛭
defined as above by 𝑥 ↦ (𝑥, 𝛼(𝑥)). Then the Lagrangian condition 𝜔|𝛭 pulls back via 𝑓
to be 𝑓∗𝜔 = 𝑓∗𝑑𝜆 = 𝑑𝑓∗𝜆 = 0. But 𝑓∗𝑑𝜆 = ∑

𝑗
(𝑓∗𝑦𝑗)𝑓∗𝑑𝑥𝑗 = 𝛼𝑗(𝑥)𝑑𝑥𝑗 = 𝑑𝛼. So the

Lagrangian condition just says that 𝑑𝛼 = 0 on 𝑉. Hence by Poincaré Lemma (where we

can use it globally since 𝑉 is just a vector space), we get 𝛼 = 𝑑𝜙 for certain 𝜙 and hence

𝛼𝑗 =
𝜕𝜙
𝜕𝑥𝑗 , which is what we desired.

For a real vector symplectic vector space 𝑉 with a skew form ⟨, ⟩, we can define two

forms 𝛺1, 𝛺2 and an indefinite metric 𝑔 on 𝑉 × 𝑉 by

𝛺1((𝑎1, 𝑎2), (𝑏1, 𝑏2)) = ⟨𝑎1, 𝑏2⟩ + ⟨𝑎2, 𝑏1⟩

𝛺1((𝑎1, 𝑎2), (𝑏1, 𝑏2)) = ⟨𝑎1, 𝑏2⟩ + ⟨𝑎2, 𝑏1⟩

𝑔((𝑎, 𝑏), (𝑎, 𝑏)) = 12⟨𝑎, 𝑏⟩

Thm 3.1. Let𝛭 ⊆ 𝑉×𝑉 be a submanifold which is Lagrangian for𝛺1, 𝛺2 and transversal
to the two projections onto 𝑉. Then 𝑔|𝛭 is a special pseudo-Kähler metric. Conversely,

any special pseudo-Kähler metric on a manifold𝛭 is locally induced from an embedding

in 𝑉 × 𝑉 for certain 𝑉.

Proof. We can use the nondegenerate skew form ⟨, ⟩ to identify 𝑉 and 𝑉∗. Then by setting

𝑑𝜉𝑖 = ∑𝜔𝑖𝑗𝑑𝑦𝑗, 𝛺1 becomes the canonical symplectic form on 𝛵∗𝑉 ≅ 𝑉 × 𝑉∗ (up to a
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scalar):

𝛺1 = 2∑𝑑𝑥𝑖 ∧ 𝑑𝜉𝑖;

𝛺2 = ∑𝜔𝑖𝑗𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗 +∑𝜔𝑖𝑗𝑑𝜉𝑖 ∧ 𝑑𝜉𝑗.

We can use the projection onto the first factor 𝑉 to locally identify 𝛭 with a flat

symplectic space. In local coordinates 𝑥1, ⋯ , 𝑥2𝑛, the ordinary derivative gives us our flat
symplectic connection∇. Now consider𝛭 being a submanifold of𝛵∗𝑉 ≅ 𝑉×𝑉, by lemma

3.1, we find that the local coordinates is given by 𝜉𝑗 =
𝜕𝜙
𝜕𝑥𝑗 for a certain 𝜙(𝑥1, ⋯ , 𝑥2𝑛). Then

by the chain rule, under the pushforward of this inclusion, the tangent vector 𝜕
𝜕𝑥𝑗 becomes

𝛸𝑗 =
𝜕
𝜕𝑥𝑗

+∑ 𝜕𝜉𝑙
𝜕𝑥𝑗

𝜕
𝜕𝜉𝑙
= 𝜕
𝜕𝑥𝑗

+∑
𝑙

𝜕2𝜙
𝜕𝑥𝑙𝜕𝑥𝑗

𝜕
𝜕𝜉𝑙
.

Recalling the definition of our metric, we see that the induced metric on𝛭 is

∑𝑔𝑘𝑗𝑑𝑥𝑖𝑑𝑥𝑗 =∑𝑔((𝛸𝑘, 𝛸𝑗), (𝛸𝑘, 𝛸𝑗))

=12(
𝜕2𝜙
𝜕𝑥𝑘𝜕𝑥𝑗

− (− 𝜕2𝜙
𝜕𝑥𝑘𝜕𝑥𝑗

))𝑑𝑥𝑘𝑑𝑥𝑗 = ∑
𝜕2𝜙
𝜕𝑥𝑘𝜕𝑥𝑗

𝑑𝑥𝑘𝑑𝑥𝑗.

It’s direct to check this metric is non-degenerate by the transversality condition, though

might not be positive in general.

Now we check the Lagrangian condition for 𝛺2. Then by the expressions of 𝜉𝑖, 𝑔𝑘𝑗
above, we get

0 = 𝛺2(𝛸𝑘, 𝛸𝑗) = 𝜔𝑘𝑗 +∑𝑔𝑘𝑎𝑔𝑗𝑏𝜔𝑎𝑏.

Thus if we take

𝐽𝑗𝑘 = ∑𝜔𝑗𝑎𝑔𝑎𝑘,

we find that 𝐽2 = −1 defining an almost complex structure. Also by the skew-symmetry of

𝜔, we find that 𝐽 is skew-adjoint with respect to 𝑔. Now take 𝑎𝑗 = ∑𝜔𝑗𝑖 𝜕𝜙𝜕𝑥𝑖 , we may find

that
𝜕𝑎𝑗
𝜕𝑥𝑘 = ∑𝜔𝑗𝑖𝑔𝑖𝑘 since 𝜔𝑗𝑖 is independent of 𝑥𝑘. Thus 𝐽 = 𝑑∇𝛸 where 𝛸 = ∑𝑎𝑗 𝜕𝜕𝑥𝑗 .

Hence 𝑑∇𝐽 = 0 by the flatness of the connection.
It remains to show that 𝐽 is integrable. Consider the complex functions 𝑧𝑗 = 𝑥𝑗 −

√−1∑𝜔𝑗𝑘 𝜕𝜙𝜕𝑥𝑘 . Then we differentiate them to get 2𝑛 complex 1−forms:

𝑑𝑧𝑗 = 𝑑𝑥𝑗 − √−1∑𝜔𝑗𝑘𝑔𝑘𝑙𝑑𝑥𝑙 = 𝑑𝑥𝑗 − √−1𝐽
𝑗
𝑙 𝑑𝑥𝑙 = (id − √−1𝐽)𝑑𝑥𝑗.
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We see from the final expression that these are indeed (1, 0)−forms. Moreover, since

2𝑑𝑥𝑗 = 𝑑𝑧𝑗 + 𝑑𝑧𝑗, if we consider the distribution 𝛦 of the common kernel of 𝑑𝑧1, ⋯ , 𝑑𝑧𝑛,
we find that the complex rank of 𝛦 is 𝑛 and that 𝛦⊕𝛦 = 𝛵𝛭⊗ℂ. By a similar discussion

to that after proposition 3.1, we find the almost complex structure is indeed integrable,

and hence genuinely a complex struture. Thus the metric 𝑔, the flat symplectic connection

∇ and this complex structure 𝐽 fits into a special pseudo-Kähler manifold.

Now let’s prove the converse. Let𝛭 be a special pseudo-Kählermanifold and (𝑥1, ⋯ , 𝑥2𝑛)
be flat local coordinates, so that the covariant derivative is just the ordinary derivative and

the symplectic form is constant under this local coordinate. Then reversing the process

above, if we define 𝛼𝑘 = ∑𝜔𝑘𝑙𝐽𝑙𝑗 𝑑𝑥𝑗, then since 𝜔𝑘𝑙 is constant and 𝑑∇𝐽 = 0, we have

𝑑𝛼𝑘 = ∑𝜔𝑘𝑙
𝜕𝐽𝑙𝑗
𝜕𝑥𝑚

𝑑𝑥𝑚 ∧ 𝑑𝑥𝑗 = 0.

Thus locally there exists 𝜉𝑘 such that 𝛼𝑘 = 𝑑𝜉𝑘 and we can map𝛭 to ℝ2𝑛 × ℝ2𝑛 by 𝑥 ↦
(𝑥, 𝜉(𝑥)).

Then when restricting to M, by the symmetry of 𝑔𝑗𝑘 we have

1
2𝛺1|𝛭 = ∑𝑑𝑥𝑗 ∧ 𝛼𝑗 = ∑𝑑𝑥𝑗 ∧ 𝜔𝑗𝑙𝐽𝑙𝑘𝑑𝑥𝑘 = ∑𝑑𝑥𝑗 ∧ 𝑔𝑗𝑘𝑑𝑥𝑘 = 0.

And similarly by definition of 𝛼𝑗 and computation we have

𝛺2|𝛭 = ∑𝜔𝑖𝑗𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗 + 𝜔𝑎𝑏𝑔𝑎𝑖𝑑𝑥𝑖 ∧ 𝑔𝑏𝑗𝑑𝑥𝑗,

which can be seen to be 0 since 𝐽2 = −1.
Then taking 𝑉 = ℝ2𝑛 with the skew form given by 𝜔𝑖𝑗, we get a local embedding of

𝛭 in the manner above, being Lagrangian with respect to𝛺1, 𝛺2 with induced metric 𝑔𝑖𝑗,
hence we are done.

Finally, we shall see this 𝜙 appearing in the proof is indeed a Kähler potential (but in

fact up to a scalar), as one may guess.

Prop 3.2. 2𝜙 is a Kähler potential for the Kähler metric 𝜔.
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Proof.

√−1𝜕𝜕(2𝜙) = − 12𝑑(𝐽𝑑(2𝜙))

= − (∑ 𝜕
𝜕𝑥𝑘
(𝐽𝑖𝑗
𝜕𝜙
𝜕𝑥𝑖
)𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗)

= − (∑𝜔𝑖𝑎 𝜕3𝜙
𝜕𝑥𝑎𝜕𝑥𝑗𝜕𝑥𝑘

𝜕𝜙
𝜕𝑥𝑖
𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗 + 𝐽𝑖𝑗

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑘

𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗).

The first term appears because of our construction of 𝐽𝑖𝑗 = ∑𝜔𝑖𝑎𝑔𝑎𝑗 and the definition
of 𝑔𝑎𝑗 =

𝜕2𝜙
𝜕𝑥𝑎𝜕𝑥𝑗 . Also note that the skew form 𝜔 is independent of 𝑥𝑘, hence implying the

formula above. Also this first term vanishes due to the symmetry of 𝑖 and 𝑗.
Finally we calculate that

∑𝐽𝑖𝑗 𝑔𝑖𝑘𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗 = −∑𝜔𝑘𝑗𝑑𝑥𝑘 ∧ 𝑑𝑥𝑗 = −𝜔,

and we are done.

Rmk 3.1. At the ending, we show how the prepotential also appears in this way. We

choose now a symplectic basis on 𝑉 and the corresponding local coordinates give 𝜔 =
∑𝑑𝑥𝑗 ∧ 𝑑𝑥𝑛+𝑗. In our notations above, we have now

𝛺1 = 2
2𝑛
∑
𝑗=1
𝑑𝑥𝑗 ∧ 𝑑𝜉𝑗;

𝛺2 =
𝑛
∑
𝑗=1
𝑑𝑥𝑗 ∧ 𝑑𝑥𝑛+𝑗 −

𝑛
∑
𝑗=1
𝑑𝜉𝑗 ∧ 𝑑𝜉𝑛+𝑗.

Then consider the complexified

𝛺𝑐 = 12𝛺1 + √−1𝛺2 =
𝑛
∑
𝑗=1
𝑑(𝑥𝑗 + √−1𝜉𝑛+𝑗) ∧ 𝑑(𝜉𝑗 + √−1𝑥𝑛+𝑗) =

𝑛
∑
𝑗=1
𝑑𝑣𝑗 ∧ 𝑑𝑤𝑗,

hence being identified with the canonical complex symplectic form on 𝛵∗ℂ𝑛.
From proposition 3.1, a submanifold on which 𝛺1, 𝛺2 both vanish is the same as a

submanifold of 𝛵∗ℂ𝑛, while from lemma 3.1, this is given by the graph of the derivative of

a holomorphic function, i.e., 𝑣𝑗 = 𝜕ℱ
𝜕𝑤𝑗 . Thus as long as we have a special Kähler metric, we

know from theorem 3.1 that this is locally induced from an embedding into𝑉×𝑉 satisfying

the transversality condition. Now using the theorem other way round, we see the special

Kähler metric can always be induced by such a holomorphic prepotential ℱ.
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